UNIVERSITY OF
LEICESTER

Display calculi and nominal string diagrams

Samuel Balco

Supervised by Alexander Kurz and Tom Ridge

Thesis submitted for the degree of Doctor of Philosophy at the University of

Leicester

Department of Informatics

December 2019



Declaration of Authorship

|, Samuel Balco, declare that this thesis titled, “Display calculi and nominal string diagrams”

and the work presented in it are my own. | confirm that:

- This work was done wholly or mainly while in candidature for a research degree at

this University.

- Where any part of this thesis has previously been submitted for a degree or any other

qualification at this University or any other institution, this has been clearly stated.
- Where | have consulted the published work of others, this is always clearly attributed.

- Where | have quoted from the work of others, the source is always given. With the

exception of such quotations, this thesis is entirely my own work.
- | have acknowledged all main sources of help.

- Where the thesis is based on work done by myself jointly with others, | have made

clear exactly what was done by others and what | have contributed myself.

Signed:

Date:



Abstract

Department of Informatics
Display calculi and nominal string diagrams

by Samuel Balco

This thesis is divided into two sections, encompassing two main topics: dis-
play calculi and nominal string diagrams.

In the first section of the thesis, we introduce display calculi and present their
advantages and drawbacks compared to sequent calculi. The rest of the sec-
tion presents the calculus toolbox, a meta-tool for formalising display calculi.
The tool includes a tree editor and a type-checker, which aid the user in ex-
ploring display calculi more efficiently.

Section two grew out of an attempt to build a calculus of simultaneous sub-
stitutions for a display version of first order logic. This section explores the
topic of string diagrams, in particular, we present two categorical formalisa-
tions of nominal string diagrams, along with a formal translation of ordinary

string diagrams into nominal string diagrams (and vice versa).
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Offer me a herbal tea and | will deliver a fart so
dense and multi layered that your face will bend in

on itself and become a butter dish

Bob Mortimer

Introduction

HIS thesis comprises of two parts, exploring the topics of tool support for display

calculi and nominal string diagrams. Display calculi are a generalisation of se-

quent calculi [1] by Belnap [2] and have been studied extensively in the setting
of modal and epistemic logics as well as other substructural logics (see [3-7]). They offer
interesting proof-theoretic advantages over sequent calculi, such as the cut-elimination
meta-theorem, along with better modularity/composability of different logics. However,
this comes at the cost of verbosity, where a display version of a given logic will usually have
a larger number of rules, compared to other formalisms like a sequent calculus or an ax-
iomatic (Hilbert-style) system. We provide further details and examples of the advantages

and disadvantages of display calculi in ch. 2, the introduction to part | of this thesis.

The following chapter (ch. 3) introduces and describes the features of the “calculus toolbox”,
a meta-tool for building and working with display calculi. This toolbox was developed to
tackle the added complexity when working with display logics. We progressively developed
several versions of the “calculus toolbox” testing different approaches and aims in each

version.

The toolbox described in ch. 3 is essentially a tree editor for constructing proofs in a display
logic, which includes a typechecker that ensures correct proof tree construction. This tool-
box grew out of a practical need to “test” display calculi by building proof trees. Due to the
large number of rules, this was tedious and error prone to do by hand. The tool made this
task much simpler by adding a visual proof tree editor and a simple way to export correct

proofs as properly type-set IATEX proof trees.



The calculus toolbox is a meta-toolbox, which means that the user can encode and modify
their own display logic by adding inductively defined data-types for terms and encoding
rules over these terms. These are in turn incorporated in the type-checker when construct-
ing proof trees. We give further details on the internal workings of this tool in ch. 3. The
toolbox described in this section is in fact a second iteration of the calculus toolbox, being
a descendant of the original tool, presented in [8]. The second version made usability im-
provements aimed at mathematicians who are not necessarily programmers, by making it

easier to build and modify display calculi within the toolbox.

The next version of the toolbox, presented in ch. 4, focuses on extending the meta-toolbox
to other logical formalisms besides display logics. As a result, the architecture of this tool
changed drastically, compared to the previous version. The previous toolbox was built as
meta-tool, which, given a description of a display logic and it's rules would be compiled
into a tree editor with a type-checker, tailored for the specified logic. The new version of
the toolbox takes a more unified approach, by combining the three languages for defining

the terms, rules and proof trees into a single one.

In part Il of this thesis, comprising of ch. 6 and ch. 7, we explore an altogether different
topic of string diagrams. Whilst quite different to the work in part I, our study of string
diagrams actually grew out of our work on display calculi. Inspired by a lecture series on
graphical linear algebra using string diagrams, given by Pawet Sobocinski at MGS 2017, we

started exploring string diagrams as a way to formalise variable substitutions.

For example, given the following picture, it is quite easy to see that it represents a bijection:

XX

Interpreting the picture as a function on ordered ports, the diagram above swaps port 1
and port 3 and leaves port 2 unchanged. This picture is not just intuitive, it can in fact be
translated into “rigorous”, i.e. algebraic notation, using two different multiplications for the
horizontal and vertical composition of basic diagrams which make up the picture above. We
decompose this diagram into into the picture below, which uses @ for vertical composition
and ; for horizontal composition of basic diagrams. These include the straight identity wire

and g, which represents crossing wires.


https://www.cs.le.ac.uk/events/mgs2017/courses/graphical-linear-algebra.html

C) a C)
g ® g
id

We thus obtain a 1-dimensional representation of the diagram above:

(id® 0); (0 ®id) ; (id ® 0)

The idea of using graphical syntax for mathematics in a rigorous way has been around for a
long time. Whilst somewhat difficult to tell with certainty, arguably the first formal definition
of string diagrams appears in the habilitation thesis of Ginter Hotz [9]. However, forms of
diagrammatic reasoning in areas such as knot theory have much earlier origins (see [10]
for a nice historical summary). Definitions of string diagrams have also been introduced,
amongst others, by Penrose [11], Joyal & Street [12, 13] and have cropped up in presentations
of sequent calculi [14], linear logic as proof nets [15, 16], bigraphs [17], signal flow diagrams
in control theory [18] and network theory [19] as well as in areas such as quantum physics

and computing [20].

All of these formalisms are underpinned by the same category theory, namely that of
(symmetric) monoidal categories, specifically product and permuntation categories called
PROPs for short, introduced by MacLane [21]. For an overview of classic/single sorted string

diagrams see [22].

Returning to the graphical representation of a bijection above, we can see that whilst this
diagram does represent a bijection, it does not represent the bijective substitution of names
(permutations) that we want, since no names appear in the diagram. We can remedy this

situation by adding labels (representing names) to the previous picture:

Now we can map a basic renaming [a ~ b], which renames and a into a b, to a string
diagram 4 & ® (which we denote by Gab). We use the ¢ symbol to explicitly denote
the change of labels from a to b. We call this extended graphical formalism nominal string
diagrams and in ch. 7, show that they are underpinned by the theory of nominal sets [23,

24], which provide an ideal framework for working with names.

Gaining expressiveness through the addition of names does come with a trade-off however.

Because we want to use nominal string diagrams to present functions on names, the dia-



grams must of course follow the rules of being a function. Concretely, this means that we

do not consider the following to be a valid diagram

In order to restrict to only “valid” diagrams, the vertical composition ® becomes partial. The
full details of the construction of nominal string diagrams with a partial @, along with their

categorical presentation via partially monoidal categories, are given in ch. 6.

Whilst ch. 6 mostly talks about nominal diagrams which deviate from ordinary string
diagrams only by introducing named wires along with the basic “diamond” diagram

a 5 b , in sec. 6.21, we present slightly simplified nominal string diagrams, which
remove explicit twists a. Our running example thus turns into several equivalent diagrams,
bringing the graphical formalism further in line with the intended semantics of string

diagrams representing functions on names:

a c b b a b

S~
b b= a c =0>b c
c a c a c a

Algebraically, we can write down the left most diagram above as 60C ® idb C) 6ca.

Finally, ch. 7 focuses on streamlining nominal string diagrams further, by refining the notion
of partial monoidal categories to nominal monoidal categories, thus providing a more com-
plete categorical picture of the underlying structure of nominal string diagrams. Contents
of this chapter were co-written with my supervisor, Prof. Alexander Kurz and have appeared

as a paper at CALCO 2019, receiving the best paper award.

"The diagram is not a function because it maps the name a to two different outputs b, c.



Display calculli

Humans are not logical creatures. They are merely ca-
pable of doing logic.

T. M. O. Horne



| don’t know if I've ever been to Australia... Have |

been to Australia?

Justin Bieber

Background

‘5 N this chapter, we will give some background information on the kind of calculi

Y b'p’/f.‘b)
f%;\(q%@ we were considering when building the calculus toolbox and what design de-

1E

S

cisions we made as a result. More specifically, we give a brief introduction to
Gentzen's sequent calculus and its generalization in the form of a display calculus, which is
the primary formalism used to define calculi in the toolbox. Finally, we describe a further

generalisation of display calculi to a multi-type setting.

21 Sequent calculus

To place the sequent and display calculi into context, we give a brief account of their history
within the field of proof theory, which concerns itself with the study of proofs as mathemat-
ical objects. The roots of modern proof theory are often attributed to David Hilbert and his
“Hilbert's program”, which focused attention on mathematical proof as a formal object of
mathematical study. Hilbert gave axiomatisations of numerous fields of mathematics, such
as the foundations of geometry', algebraic number and mathematical logic, amongst others,
in his later work using a framework of axiomatic schemas we now refer to as Hilbert cal-
culi’. More precisely, a Hilbert calculus is a formal system of axiom schemas along with the

modus-ponens derivation rule, where a formal mathematical proof (called a derivation) of

"Hilbert presented the axioms of geometry in his book Grundlagen der Geometrie.
2Whilst this formalism carries Hilbert's name, he was by no means the first or only person at the time, using
such axiomatic calculi.



some logical statement P is a finite sequence of formulas ending in P, where each formula
is either an instance of one of the axiom schemas, or has been derived via the application
of the modus ponens rule from two previous formulas in the list. Given the axiom schema

for the propositional fragment of classical logic:

A = (B - A) (Ax 1)
(A->(B-C)—(A->B)->(A-0() (Ax2)
(-A - -B) = ((-A - B) - A) (Ax3)

and the modus ponens rule:

B (MP)
we can show the derivation of P — P:
TPP=> (PP ~P) (Ax 1)
PP (PP o P> (P> (P P) > (PP (Ax2)
3((P—(P—P)—(P—P) (MP) with 1and 2
4 (P> (P - P)) (Ax 1)
5P->P (MP) with 4 and 3

Whilst this formalism is extremely simple (having only one inference rule), it can be quite
cumbersome to use for proofs of “regular mathematics”, which are often conditional proofs

of the form T + F°.

The sequent calculi LK and L) were introduced by Gerhard Gentzen in 1935 [1] as formalisa-
tions of classical and intuitionistic versions of first order logic". Gentzen’s sequent calculus

introduces a more complex formalism called a sequent, which has the form:

A LA A +B,B B m,n €N

1 Oy 11721 Py
where As and Bs are formulas. Gentzen’s sequent can be seen as analogous to the following
formula in a Hilbert system:

A1 AAZA"'AAm - B1 szv...an

where the turnstile is interpreted as implication and the comma as conjunction on the left
and disjunction on the right of the turnstile.

Rather than having only one inference rule and many axioms, sequent calculi instead opt

3These can be read as “under the hypothesis I, F holds”.
“However, in this section, we will only focus on the propositional fragments of these logics.



to have many rules of inference and only trivial axioms, such as

AELA

As a result, a proof or a derivation of some sequent I’ + A’ is a tree, with I + A at the root:

Arald BygHd

AVB+AB Vi
AvBF+B,A R

AVB,-BFA L

211 Cut rule and cut-elimination

When Gentzen introduced the sequent calculus, he showed that that it was sound and com-
plete with respect to the semantics of first order logic. In order to show completeness, he
included the Cut rule, which is an analogue to modus ponens in the Hilbert system:

M AA AXr
LzreAN

Cut

However, he also showed that this rule could be eliminated from his calculus without any
loss of expressiveness/deductive power. One reason for wanting to eliminate the cut rule
is its non-analyticity, a consequence of the fact that the formula A only appears in the
premises of the rule but not the conclusion. When performing proof search (searching for a
proof by constructing a proof tree bottom-up) the cut rule presents an arbitrary choice, as
the search procedure needs to pick some A to proceed. This makes the search space infinite,
since there are infinitely many formulas A to choose from. Thus, being able to eliminate the

use of cut is highly desirable, since it usually entails consistency of the given calculus [1].

21.2 Limitations

Because cut-elimination is an important property, many logics have been presented as se-
quent calculi. However, there are several logics for which there is no known cut free sequent
calculus (also referred to as an analytic sequent calculus), e.g. the modal logic S5 [25] or
first-order Godel logic [26] and calculi which provably have no analytic sequent calculus
presentation [27]. These limitations have prompted generalisations of the sequent calcu-
lus, which do admit analytic calculi of the given logics. One example of a sequent calculus
generalisation is the hyper-sequent calculus’, which admits an analytic presentation of S5
[26].

SHere I and A are arbitrary contexts, i.e. lists of formulas.
®Another formalism, which is at least as expressive as hyper-sequents [28] is the framework of display
calculi.



Another reason for moving away from sequent calculi to display calculi is the cut-elimination
proof itself. In his original paper, Belnap presented the cut-elimination meta-theorem for
arbitrary display calculi. Whereas proofs of cut-elimination in sequent calculi are ad-hoc,
Belnap proved that any display logic satisfying certain easily verifiable conditions on the
rules, such as the aforementioned analyticity, would immediately enjoy the cut-elimination

property.

In other words, a traditional cut-elimination argument for some sequent calculus essentially
involves devising a bespoke algorithm for transforming any proof using the cut rule into a
valid proof without it. Belnap’s meta-theorem, on the other hand, gives a general-recipe
for such a construction, irrespective of the logical connectives or rules’ of the given display

calculus.

2.2 Display calculi

The sequent calculus can be seen as an extension of the language of propositional formulas,
by introducing two layers of terms. Instead of just having conjunction and disjunction at the
level of formulas, we introduce a level of structures with the structural comma, which acts
as a conjunction on the left and disjunction on the right of a turnstile. A natural question

to then ask is, what about introducing structural counterparts for other connectives?

Indeed, extending implication and the truth values to the structural level by introducing
structural counterparts to these operational® (formula) connectives, we obtain Belnaps's

display calculus [2].

Structural ‘ > ‘ < ‘ , ‘ I
Operational‘ >—’—>‘ —<‘ <—‘/\‘V‘T‘J.

Figure 2.1: Structural counterparts to operational connectives

In the LK sequent calculus, there is only one structural connective, with two introduction
rules, corresponding to the reading of the “,” as a conjunction on the left and disjunction
on the right of the turnstile”:

LA,BrA reA,B,A

MAABFA 'L r-AvB,A 'R

However, no such direct “translation” happens with the implication, where A switches to the

’Provided they satisfy the conditions of the cut-elimination meta-theorem.

%The reason why the terminology of structural/operational connectives was chosen by Belnap [2] is not
explained in his paper. The terms operational rules and logical rules are used interchangeably in the literature.

°These rules are slightly tweaked from the original formulation, however, they can be shown to be derivable
from the classic rules of the LK calculus



other side of the turnstile:
nAvB,A
r-A-B,A R

By including a new structural connective “>” in a display calculus, we can reformulate this

rule to one more akin to Ve
X+HA>B

XFA—>B R
As a result, the terms on both sides of the turnstile are no longer list of formulas, but
trees of formulas. Also, notice that the structural connectives, sitting above the operational
connectives in fig. 2.1 are grouped in pairs. Just like having the comma on the left and right
of the turnstile means having either a conjunction or a disjunction, we use the > symbol for

an implication on the right and a co-implication on the left.

Whilst the co-implication is not commonly used (for examples, see the H-B logic of [29] or
paraconsistent propositional logics described in [30]), it arises analogously to the adjunc-
tion between the conjunction and implication on the preorder of propositions. Namely,

because we have the implication as a right adjoint to the conjunction:
anbrc & arb->c

we can also formulate a co-implication as being the left adjoint to the disjunction:
a—brc & brcva

Indeed, adjunctions between the operational connectives are the core idea behind the “dis-
play” in display calculi. As shown above, these adjunctions can be formulated as reversible
display rules:

X,YF+Z ZFX,Y

G sz X>ZFY

>/))

The term display comes from being able to move structures across the turnstile via these
adjunctions. In this way, one can isolate/display any sub-structure on either the left or
the right side of the turnstile. This is an important property of any display calculus and is

referred to as the display theorem in Belnap's paper (Theorem 3.2 in [2]).

The display rules together with the display theorem are useful for several reasons; firstly,
we gain a cut-elimination meta-theorem, similar to the cut-elimination arguments for

Gentzen's sequent calculi, but applicable to a wider range logics (as mentioned earlier).

Secondly, the display framework imposes certain restrictions on the shape of the rules,
which means that the interplay of different connectives via adjunctions and their structural
properties, like commutativity or associativity, are given explicitly via display and structural
rules. This makes display calculi much more modular, as it allows one to customize logics

by adding new connectives and describing their interaction with other ones in a disciplined

10



way. One can also produce sub-structural versions of existing logics by adding or removing

structural rules (such as commutativity) for previously defined connectives.

2.3 Trade-offs

While there are clear advantages to display calculi in terms of modularity, the two levels of
terms (structural and operational) together with the reversible display rules clearly intro-
duce an overhead.

Having the two levels of terms also means having operational rules, which introduce struc-
tural counterparts of operational level connectives, e.g. for disjunction we have:

ArX Y X+HA,B

\Y B r —_——V
L AvBFX,Y X+HAVB R

21)

All of these rules, taken together, result in large logic formalisms. Take, for example, the
display version of classical logic without quantifiers, which has ~30 rules vs. just 18 for the
LK sequent calculus without quantifiers. For bigger calculi like the DEAK (Dynamic Epistemic
logic of Actions and Knowledge) calculus [7], the number of rules quickly surpasses 100. As
a direct consequence, the complexity and length of proofs increases. In the example below,
the left and right proof trees are a display and sequent calculus proof of (A v B) A =B) — A

respectively:

Id Id

BI—BV

AvB+A,B (>/ )L N
A>AvB+B ! LrD L
Id

%
B->L1L+r(A>AVB)>I L
-def -
ArA BrB 9

I—(A>AVB)>|]( ) Vv

' AvBF+FA,B L
A>AvB), -B|FrI p
( ) GrishinL

AFA

AvBF+rB,A R

A>(AVB,[-B) F1 W AVB,-BFA L
A>AvB,[-B)rA F

AvB,[-B]+A,A c(>/')

AvB,[-B]rA

Note. in the left tree is actually an abbreviation for the formula B — 1, since the
display calculus version of classical logic presented here does not have negation as a

primitive.

The fact that proofs in display logics are significantly longer than proofs in sequent calculus

was in fact one of the driving reasons for building the calculus toolbox.

1



2.4 Modal logics and multi-type display calculi

In [31], the authors present a further generalisation of display calculi, by introducing a multi-
type variant of DEAK. The extension presented in this paper is fairly simple, namely, they
introduce formulas and structures at several distinct types. For modal logics, such as the
Public Announcement Logic [32], this is arguably already the case. Take the formula K Ain

PAL, which can be interpreted as “agent i knows A”. Here, the type of the connective
K:UgxF—>F

takes two different types, (gand #, as arguments. We can therefore think of PAL as a (trivial)

multi-type calculus by way of the following grammar:
FoF:u=p|FAF|FVF|-F|KF peCkiedly

However, (g is just a set of agents rather than inductively defined terms. We get a true
multi-type calculus if the grammar has mutually recursive terms embedded in each other,

like in this sample grammar adapted from [31]:

Fla =+, F

FnsFii=p|FAF|FVF|F>F|m > Fly = 5

1

Ae€>y:i=aam meETn ae (g p € (¢

We can see that Ge€is an inductively defined set of terms much like &, albeit with only one

constructor (in this example).

12



You would not enjoy Nietzsche, sir. He is fundamen-

tally unsound.

P. G. Wodehouse

Calculus toolbox

5l s we have seen in the previous section, display calculi generate an overhead

in the number of rules compared to sequent calculi, which has a direct conse-

qguence on the size of the proof trees. This is in fact one of the major hurdles
when working display logics, as building proof trees by hand or in IATEX is time consuming
and error prone. The Calculus toolbox, a program for defining and working with display cal-
culi, aims to remedy this by providing a friendly user interface for defining display calculi

and building proof trees which are well typed and exportable to XTEX.

This chapter first gives a use case for the calculus toolbox, followed by a high-level overview
of the graphical interface of the toolbox. Finally, we delve into some of the interesting

implementation details of the front and back-end.

31 Muddy children puzzle

The calculus toolbox described in this thesis is actually the second version of the tool. The
first version was presented in our paper [8] and we have since built an improved second

version, described below. This tool is open source and is hosted on github'.

In [8], we not only present the original tool, but demonstrate it's use in a “real world” setting,

by formalising and proving correct the muddy children puzzle (for a good description and

Thttps:/ /github.com/goodlyrottenapple/calculus-toolbox-2

13
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an informal sketch of a proof, see [33](Ch11)). The statement of the puzzle and all the logical
reasoning was done in DEAK, introduced in the previous chapter, and we fully formalised a
version of this proof given in [34](Prop.24)”. As was already mentioned in sec. 2.3, proof trees
in a display version of a logic can be much longer than in the equivalent sequent calculus.
As a result, writing correct proof trees by hand or in KTEX quickly becomes infeasible.
For effect only, we've included the following snippet from our muddy children proof, which

constitutes only a small part of the full proof:

Whilst this proof tree would be infeasible to typeset by hand, we only needed to provide
the root of this proof tree to the calculus toolbox and then used the toolbox to construct
the rest of the tree. Below, we give details on how this works, by describing the proof tree

editor that is used to build such a tree.

3.2 Tree editor

In this section, we describe the main feature of the toolbox, the proof tree editor, pictured

below.

[ JON ) &
ANBF A
Add above
Delete above
Apply Cut
Proof Search
ANBHEFA
A/\B |-A
(11,11)

To start building a proof tree from the root to the leafs (bottom up), the user enters the

sequent they wish to prove, using user defined ASCII syntax. The tree can then be modified,

“The formalised proof can be found at https://github.com/goodlyrottenapple/muddy-children
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by clicking on any node in the tree and choosing to either delete the nodes above, add a
new node, apply the cut rule (where the user is first prompted to enter the cut formula) or

perform an automatic proof search.

The proof tree editor acts as a proof assisntant, as selecting ‘Add above’ brings up a list of all
rules applicable to the current node. In the example below, the tool lists all the applicable

rules to the sequentAAB + A:

Select a Rule To Apply to:
AANBHFH A

The proof search algorithm is a simple bounded depth first search which sequentially tries
all applicable rules and backtracks if the depth limit is reached before a proof for the current
branch is found. As it is undecidable whether or not a display calculus is decidable [3], the
toolbox provides no guarantees that the proof-search will be successfull, and in fact the
tool is only capable of findings simple proof trees, before the search space becomes too

large.

3.3 Calculus editor

Because the calculus toolbox is meant to be an editor for arbitrary display calculi, the other
major component of the toolbox is the calculus editor, which allows the user to define and
edit display calculi. The user specifies the grammar of the formulas F and structures S of

the logic in the Calculus Definition window.
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[ JOX ) Calculus Toolbox

Calculus Name

DispLK

Calculus Definition

1 {# MACRO comma "\, \, " #}
) {# MACRO arr "\,o\, " #}
{# MACRO darr "\, <\, " #}
{# MACRO scColor "#e03997" #}
 {# MACRO sc "{\color{\scColor}{#1}}" #}

default type Fm

) and : formula — formula — formula _",LeftAssoc, "#1 \land #2")

"_/\ 2,
10 or : formula — formula — formula ("_\/_",LeftAssoc, 2,"#1 \vee #2")
11 impR : formula — formula — formula ("_—_",RightAssoc, 1,"#1 \rightarrow #2")
12 top : formula ("1, NonAssoc, 10,"\top")
13 bot : formula ("o", NonAssoc, 10,"\bot")
14 comma: structure — structure — structure ("_,_", LeftAssoc, 2,"#1 \sc{\comma} #2")
15 arr : structure — structure — structure ("_>_", RightAssoc, 1,"#1 \sc{\arr} #2")
16 I : structure (G NonAssoc, 10,"\sc{\text{I}}")
1

The user defines each operational/formula connective and structural connective in a

Haskell-like language. For example, the connective
N:F->F->F

is encoded as

and : formula — formula — formula ("_/\_",LeftAssoc,2,"#1\land#2")

The additional parameters, given after the type signature, namely the ASCII parsing syntax
"_/\_", associativity LeftAssoc, fixity 2 and TEX syntax "#1 \land #2" are the used
to generate the parser and pretty printer used in the tree editor window. The ASCII syntax
is also used later to define the rules. For example, the rules 2.1 from the previous chapter

are encoded as:

X |- A\ B

Unlike the original calculus toolbox, this version supports multi-type display calculi, de-
scribed in sec. 2.4. As a result, the user must specify at least one default type (in this exam-
ple it's type Fm). One can then introduce further types which can be given as parameters

in the types of operational/structural connectives:
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type Fn
trZzer : formula{Fn} — formula — formula (...)

The snippet above is actually shorthand for the following full definition, where the unanno-

tated formulas are associated with the given default type Fm:

trZzer : formula{Fn} — formula{Fm} — formula{Fm} (...)

3.4 Internal representation

The original version of the toolbox used a JSON file to specify the syntax and rules of a
display calculus and required the user to recompile the toolbox every time a change was
made. This was a time consuming and brittle process, as it relied on calling several different
tools and compilers (see fig. 3.1). To streamline this process, we rewrote the core of the tool
in Haskell. This allowed us to simplify the definition language for the display calculi and
instead of using JSON, we switched to a Haskell like syntax, described briefly above. We
also wrote a custom parser generator and switched to a modular internal representation
of sequents and trees, essentially writing an interpreter for display calculi which could be
modified and updated at runtime. This greatly reduced the compilation speed (minutes vs

less than a second) and made for a more robust system with better user error messages.

We use the following Haskell data type (shown slightly simplified) to encode any term of a

user defined calculus:

data Term (1 :: Level) (k :: TermKind) where

Base :: Text — Term 'AtomL 'Concretek

Meta :: Singl 1 = Text — Term 1 'Metak

Lift :: SingI 1 = Term (Lower 1) k — Term 1 k
Con :: (KnownNat n, SingI 1, IsAtom 1 ~ 'False) =

Conn 1 n = Vec n (Term 1 k) — Term 1 k

This data type represents formulas and structures, which can either be concrete terms
(e.g. isSunny — -isRaining) or meta variables, which appear in rules, like A or X in 2.1.
In full detail:

- The Base constructor is used for building concrete atoms, like isSunny. Internally,
the tool uses strings to represent atoms.

- The Meta constructor is used for meta variables, used in the definitions of rules.

- The Lift constructor promotes an atom to a formula or a formula to a structure.
This is usually done implicitly in the informal descriptions of the grammar and the

toolbox can automatically parse and deduce the appropriate level of all terms.
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Load calculus
description file
N\ i \
Generate core Generate parser class Generate print class
calculus Isabelle theory for core calculus for core calculus
- J N\ J
s l ; N s i ‘\/
Export Scala version ——  Compile Scala classes
of core calculus
N\ J

J
/
Parse calculus
rules into Isabelle

J

s N ( 7
Generate calculus Rebuild parser class { Rebuild print class }

rules Isabelle theory for full calculus for full calculus
- J

- J
I i \ r l ‘/
Export Scala

version of full calculus

| Compile Scala classes

i

Generate Scala Ul classes

S J

Figure 3.1: Original toolbox compilation process

- The Con constructor encodes connectives of arbitrary arity. It uses a length indexed
vector type to ensure that the connective with a given arity is given the right number

of arguments as sub-terms.

3.5 Type checking

Due to the introduction of types, for multi-type display calculi, we need to type-check terms
to ensure that atoms are not assigned two different types and that multi-typed connectives
are given arguments of the correct type. For example, the DEAK calculus contains the fol-
lowing connective:

Ay F%—> Fg‘m - Fg_m

If we try to type check the term fa,(a A f), we get an error, since A has the type Fe, =

Fg = Fg SO naturally the unification of f at type Fo. and Fe. fails.

When parsing the rules of the calculus, the type-checking algorithm is also used to disam-

biguate the level of meta-variables. Consider the following rule:

X+HA>B
X+rA->B

Knowing that — is an operational/formula connective, we know that the variables A, B
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can only be substituted with formulas, whereas X can be an arbitrary structure. Instead of
having to specify this explicitly, the toolbox can infer this information during type-checking,
by keeping a track of the context the meta variables appear in. In the premise of the rule,
X, A and B appear in the context of structural connectives. However, in the conclusion, A
and B get “downgraded” to formula variables, because they appear as arguments to A. After
type-checking, this information is used to adjust the meta variables accordingly. For special

rules like the Id rule

Gl—ald

where we want to stipulate that a is an atom, rather than a structure or a formula, we can

explicitly declare an atom meta-variable by prefixing the variable name with at_:

3.6 Front-end

Unlike the back-end, which is written in Haskell, we opted to use JavaScript, namely Electron
and React, for the front-end. The reasoning behind this decision was to try to provide
uniform interface across all the major platforms as well as to potentially make the tool
available online, without the need to download anything. These two considerations made
HTML and JavaScript the ideal candidates to use when building the Ul.

To link the front and back-end together, we used a REST API generator framework Servant
to generate an interface the front-end can use to communicate with the Haskell back-end.
This includes functionality such as parsing of user input into display sequents and running

proof search or type-checking of a proof tree built by the Ul editor.

The use of Servant allows one to define REST APIs using Haskell's type-system, ensuring
type safety of an implementation with regards to the specified API. Servant also automat-
ically generates a JavaScript boilerplate library, built for the defined API, which can be
plugged into the front end to ensure that communication between the front and back-
end is implemented correctly. For example, the type API below describes a REST APl end-
point parseFormula, which takes a raw ParseTerm string, calls the parser and returns a
parsed formula Term, wrapped together with its IATEX type-setting information inside a

LatexTerm:

type API =
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"parseFormula" :>
ReqBody '[JSON] ParseTerm :>
Post '[JSON] (LatexTerm (Term 'Formulal 'ConcreteK))

The Servant library then generates the following boilerplate JavaScript code from the given
type:
postParseFormula = function(port, body, onSuccess, onError) {

var xhr = new XMLHttpRequest();
xhr.open('POST', “http://localhost:${port}/parseFormula”, true);

xhr.send(JSON.stringify(body));
b

This function is then used by the front-end to pass raw user input to the Haskell back-
end for parsing. The back-end implements the API functionality by defining the function

parseFormulaHandler:

parseFormulaHandler :: ParseTerm —
AppM r (LatexTerm (Term 'FormulalL 'Concretek))
parseFormulaHandler ParseTerm{..} =

As the type of this function suggests, the back-end implementation operates on native
Haskell data-types (i.e. ParseTerm), rather than raw JSON. The translation of the request

body and the response is again handled automatically by the Servant library.

3.7 Limitations

Whilst the second version of the toolbox introduced new features like the ability to define
multi-type display calculi and streamlined the process of recompiling calculi, there are cer-
tain limitations which became apparent when trying to use the tool to formalise a display

version of first order logic with quantifiers DFOL[35].

Due to the nature of DFOL, the simple type system used in the tool was not powerful enough
to properly describe its connectives. The toolbox also imposes a rigid hierarchy of defini-

tions, i.e. we have 4 levels of terms each nested in the next:

Atom Formula Structure Sequent
=3 =3 -
a anb anb,cvd anb,cvdre

This hierarchy makes sense when describing many display logics, however there is no reason
why the toolbox could not be used to build and work with terms of different calculi, not

necessarily following the same format.

Both of these limitations have motivated another version of the toolbox, presented in the

next section.
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Object-oriented programming is an exceptionally

bad idea which could only have originated in Cali-

fornia.

Edsger Dijkstra

Toolbox t3

@[ EForRE we introduce the third iteration of the calculus toolbox, we briefly describe

the DFOL calculus, a display version of first order logic, which guided the design

decisions of the third version of the calculus toolbox.

41 FOL displayed

As discussed in ch. 2, the main idea behind display logics is to give operational (formula)
connectives a structural counterpart and introduce display rules which encode the notion
of an adjunction between different connectives. The display version of FOL presented in
[35] (Chapter 4) extends this notion to the universal and existential quantifiers of first order
logic. There is ample literature which explores a modal operator-like interpretation of these
quantifiers, e.g. [36-38]. The formalisation of DFOL in [35] follows the categorical approach

to quantifiers as adjoints, which is described in detail by Lawvere in [39, 40].

In this chapter, we mainly focus on how to define the universal quantifier of DFOL in the
calculus toolbox. In order to do this, we first extend fig. 2.1 with the following operational

and structural connectives to obtain a small fragment of DFOL containing ¥V and 3:

Structural symbols ‘ (x) ‘ Qy ‘ [tl
Operational symbols ‘ o ‘ ° ‘ e ‘ Yy ‘ [f] ‘ [f]

X

Figure 4.1: Structural and operational connectives of DFOL
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Compared to the standard Gentzen calculus, we have two additional operational connec-

tives (and their structural counterparts):

- Qy A denotes Jy A on the left of the turnstile and Vy A on the right of the turnstile.
» o Adenotes a fresh variable x in the formula A
- [f]A represents a list of simultaneous substitutions f applied to F, where each term

t € t is associated to a free variable v, inA.

In the usual Gentzen calculus, substitution is usually treated as a meta-operation in the

introduction rules, e.g.:

Alt/x], T A I Aly/x], A

i VXA, T A N-VvxA,A 'R

In these rules, the term A[t/x] is not a syntactic object, but rather some A" obtained by
substituting t for the free variable x in A. However, [f]Ais a “first class” term in DFOL, which

essentially means we internalise the operation of substitution into the calculus.

Our display version of FOL also differs from most other formalisations in that it is a multi-
type display calculus, which means that the formulas and structures are tagged with types
in a similar way to the terms of DEAK. However, unlike in the case of DEAK, were we only

had 5 types (Fm, (e, Fa, Cg, G€), the number of types in DFOL becomes infinite.

This is due to the fact that we take all subsets of free variables as types, giving a formula

the type corresponding to the set of it's free variables:

fy) : F VxVy f(x,y) : Fgy

x.y}

The new connectives of the calculus thus become heterogeneously typed:

Yy : FXU{y} - FX

The type signature of the universal quantifier also implicitly places a side-condition on the

formula A in Vx A. Since A has to have a type Fy X must appear in the set of free

w{x}’
variables of A (since the type of a formula is always tagged with it's free variables) and
becomes bound/hidden when quantified over by V. We can reformulate the type signature
above to make this more explicit:

Vy:F, - FX\{y} withy € X

Already, we can see that the type signatures of DFOL are much more complex than those of
DEAK. Besides needing a richer type-system for describing side conditions like y € X, the
type signatures above are also dependently typed, that is, the type of the argument to Vy

depends on the given y. The universal quantifier can thus be seen as a binary connective,
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which takes a variable y and a formula, where y must appear as a free variable:

- F

Vi(y: Ua) > FXU{y} X

4.2 Dependent types

Trying to implement the definition above presented interesting challenges. Because the
qguantifiers have dependent types, we first tried to formalise the calculus in Agda and came

up with this naive definition for the ¥ quantifier :

data F : FSet N » Set where
V : {7 : FSet N} > (n : N) > F (insert n M) » F N

However, this definition contains a subtle bug, wherein the type insert n X does not
actually preclude X from containing n, which is what we want i.e. we can only quantify over
free variables that actually appear in a formula. The resulting type of a quantified term
should then remove n from the set of free variables. The following definition is in fact the

correct one:

data F : FSet N »> Set where
V : {M: FSet N} » (x : N) » {_ : isElem x 7} »
F 7> F (remove n M)

Unfortunately, this definition is still difficult to work with, as it does not take into account
the fact that a list [y, x] and [x, y] represent the same underlying set {x, y}. Once we define
a notion of set equality for lists (=), which is different to the usual syntactic equality, we

arrive at this final definition:

data F : FSet N 2> Set where
V:{mn, : FSet N} > (x : N) > {_ : isElem x n} »
Fnn->{_ : 7N, =~ remove x N} > F N,

Defining V this way, we get a flexible enough definition to work with in Agda. However, in

practice, this formalisation is still cumbersome due to the following limitations:

- there is no basic data-type of (finite) sets for arbitrary types in Agda and formalising
and working with finite sets of names seems like an unnecessary overhead.

- Agda cannot (usually) infer implicit arguments like {_ : isElem x 72} and to set
up things in such a way that these arguments are automatically discovered takes a

lot of experience with dependent types and Agda.
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These two limitations were the driving motivation behind t3, the third iteration of the cal-

culus toolbox. Before delving into details, here is a definition of the V quantifier in t3":

data F : Set Name — Type where
vV : {m : Set Name} — {m, : Set Name} —
(x : Name) > [ xen]l > Fn->[n =n x]1 = Fn,
end

In the following section, we will describe the language t3 uses, explaining the details of the

definition above.

4.3 t3core

At its core, t3 is a version of a dependently typed A-calculus without the A, that is, there
is no A-abstraction or B-reduction in the calculus. The only terms one can construct are
applications of non-reducible terms, namely type constructors. The language does have
application and function types, as these are needed to define the type constructors of terms.
In the example above, we see three different M/function types.

The curly braces in the definition above denote implicit arguments, which can be given a
name, such as {77 : Set Name}. Implicit arguments will be depended upon by another
type and can often be inferred from this type without the need to be supplied explicitly by
the user.

The Prop type, denoted by square brackets encodes side-conditions, such as x € N and is
not a dependent type. Props are a subset of types in t3, translatable into an SMT solver
theory. Details of this translation are provided in the following section. Finally, we have
the explicit N-type which can also be bound to a name and referred to by terms under the
M. Below, we describe the internal representation of terms of 3, which is again written in
Haskell.

Note. We used Loh et al’s [41] excellent tutorial, describing how to implement a de-
pendently typed lambda calculus, as a starting point. The data-type representing t3

terms is an extension of the one given in the tutorial.

data Term = StarT

| PropT

| NameT

| MkName Text
| SetT Term

| MkSet Term [Term]
I

IntT

"Perhaps confusingly, Agda’s Set is now Type, since we wanted to use Set for finite sets in t3.
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MkInt Int

N (Maybe Text) Term Term
IMN Term Term

Term :=: Term

Bound Int

Free Name

Term :@: [ExplImpl Term]

There are 5 base/built-in types, listed below both in t3 syntax and the corresponding Haskell

core Term:
t3 Haskell
x [ Type StarT the type of all types’
Prop PropT the type of propositions/predicates, decidable in an SMT
solver (essentially the Bool type)
Name NameT the type of names, used for variables or constants like x or
isSunny
Set a SetT a the type of finite sets, with built-in set equality
Int IntT the type of integers (represented by Haskell's Int)

Because t3 is dependently typed, there is no separation of terms and types, as one can refer
to types in terms and vice-versa. We use de Bruijn indices for binders, replacing a named

variable with a bound index in the internal representation:

t3 Haskell

{a : *} — Set a IN StarT (SetT (Bound 0))

4.4 SMT solvers and the Prop type

As we have seen in the previous section, the Agda and t3 data-type definitions of the ¥ quan-
tifier are almost identical. In this section we focus on the encoding of the side-condition
y € 7, which appears in the type of V. In Agda, we encode this side condition as an implicit
argument {_ : isElem x M}, where isElem is itself a regular Agda type encoding finite

set membership:

data isElem {A : Set} : A > List A > Set where
here : V {x vy : A} {xs : List A} >y = x > isElem y (x :: xs)
there : V {x y : A} {xs : List A} > isElem y xs > isElem y (x :: xs)

2We do not have a type hierarchy like in Agda and admit Type : Type
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However, this turns out to be rather impractical if we want to construct any concrete terms
using the V quantifier, as Agda cannot automatically construct the proof/term of the isElem
type:
Example 4.1. If we want to quantify over a term with a set of free variables {1, 2, 5, 7},
specifically, quantifying over the variable 5, we need to prove that 5 appears in the list
[1,2,5,7].

Thus, we need to construct a term of type isElem 5 (1 :: 2 :: 5 2 7 2 [1),
which is there (there (here refl)) (the refl constructor witnesses the fact
that5 = 5).

We could do better by leveraging a “trick” called proof by reflection, described in [42]. Rather
than encoding a property such as elementship in a data-type, we can define a type level
function isElem : N & List N 2 Set which reduces to the type L if the element does

not appear in the list and T otherwise:

isElem : N 2> List N = Set

isElem x [] = 1

isElem x (y :: xs) with x Z vy

isElem x (y :: xs) | yes _ =T

isElem x (y :: xs) | no _ = isElem x xs

We can make use of the fact that Agda performs B-reduction when elaborating terms and
given an element and a concrete list it appears in, isElem? will evaluate to T. Because of

the way T is defined, Agda will in fact be able to infer the value of type T".

Whilst proof by reflection is a powerful technique, we believe it is also much more difficult
to engineer than the approach we chose in our tool. Instead of proving propositions like
x € {z, x, y} by directly encoding them as data-types or using proof by reflection, t3 leverages

the power of SMT solvers to automate away such proofs completely.

Given a proposition of a certain type, t3 translates it into SMT-LIB, which is a language for
interfacing with theorem provers such as CVC4 or Z3, and passes it to the CVC4 solver as a
constraint. If, after collecting all the constraints during type-checking, the SMT solver returns
“satisfiable”, the type-checking succeeds. Otherwise, the SMT solver returns the subset of
constraints which are unsatisfiable as an error. We give the propositions translatable into
SMT the type Prop” in t3.

To make this approach as flexible and modular as possible, we only provide direct transla-

tion to and from SMT-LIB for the built in types Int, Name and Set. We then provide three

*Finite sets are encoded as lists.

“There is in fact only one unique value of type T and Agda knows this, therefore it will always automatically
infer this value.

°Not to be confused with a PROP, which is an entirely different concept introduced in ch. 7.
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mechanisms that allow the user to extend this translation to their theories.

The simplest way to interface with the SMT solver is via the smt-builtin command. This
command acts as a wrapper for importing built-in SMT theory functions. For example, CVC4
includes a theory of finite sets”, with definitions of functions and predicates like union,

intersection, membership, etc. To import the set membership predicate into t3, we write:

smt-builtin () [ member ] : {a : Type} —» a — Set a — Prop end

In the code above, we first supply the name of the function/predicate as we want it to
appear in our t3 theory (€), followed by the name of the function/predicate as it appears in
the SMT-LIB library (in the square brackets). Because t3 is strongly typed, we have to also
include the type of the function/predicate we are importing, in this case {a : Type} —

a — Set a — Prop.

Note. t3 does not check that the type given in the interface actually matches the type
inside the SMT solver and one needs to consult the documentation of the SMT solver

theories to make sure that the type signatures match.

If we want to define more complex functions/predicates, we can use the second available

mechanism smt-def:

smt-def (¢) : {a : Type} > (x : a) = (X : Set a) — Prop where
(not (elem x X))
end

Here we introduce the negated set membership predicate, where the body of the definition
(not (elem x X)) is an SMT-LIB expression. There are some minor differences in the
dialect of lisp used in t3 vs. the SMT-LIB lisp dialect, the main of which is the use of custom
syntax for atoms/keywords. t3 can automatically infer if a name refers to a variable or
a constant, however, prefixing a name with ' makes it explicit that the given name is a
constant’. This extension is a compromise in the way t3 parses definitions like (= a b),
which would otherwise be awkward to parse due to the fact that = is a reserved keyword
and has special parsing rules elsewhere in the language. We can, circumvent the default

rules for = by writing ('= a b) in t3.

Finally, t3 also allows simple data-type” lifting via the smt-data command:

®For the list of available functions and predicates over finite sets in CVC4, see: http://cvcs.cs.stanford.edu/
wiki/Sets

"We could have also written ('not ('elem x X)).

8specifically, polymorphic algebraic data-types not containing any dependent types.
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smt-data List : Type — Type where

@ : {a : Type} — List a
| (;) : {a : Type} = (hd : a) = (tl : List a) — List a
end

Note. When defining a lifted data-type, the user must provide names for all the ar-
guments of each constructor’. This requirement stems from the way data-types are

defined in an SMT solver.

Once the data-type definition has been lifted, it can be used in other smt-defs. CVC4
contains powerful features such as the ability to write recursive function definitions over
user defined data-types, which can then be used in type-checking t3 programs. For an

example of this, see app. A.

4.5 Translation to nTEx

As we have re-iterated throughout this chapter, the main purpose of building the calculus
toolbox is to build (proof) trees. More specifically, our initial motivation was to build proof
trees for display calculi. With t3, we relaxed the structure of trees to be arbitrary algebraic
data-types, such as Gentzen's sequents, made up of first order formulas. Because t3 is
dependently typed and supports GADTs'’, we can encode proof trees as data-types directly

(see app. A for a full example).

Given the following rules of the sequent calculus:

d _rLArdA
ara NAABFA 1

we can encode the inference rules as data constructors of the “derivable” data-type +:

data (+) : List F —» List F — Type where
Id : {a : Name} —

(At a) ; @ - (At a) ; @

| AndL1 : {r : List F} — {A : List F} —- {A : F} - {B : F} —
A, T FA

%
(AAB) ;T F A

We can then build valid proof trees as definitions in t3:

°This is similar to defining a record type in Haskell.
“Generalised algebraic data-types
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def pt : At 'a v At 'b; @ + At 'a v At 'b ; @ where
CR (OrL
{o} {2}
{At 'a v At 'b ; @} {At 'a v At 'b ; @}
(0rrR1 Id) (OrR2 1d))

end

To allow for incremental construction of proof trees in a fashion, similar to the previous
versions of the calculus toolbox, t3 allows the user to build partial terms using “holes” (much
like in Agda). For a definition like the one above, the user would generally first define the

type of the term and leave the body undefined by indicating a hole with 2.

def pt : At 'a v At 'b; @ r At 'a v At 'b ; @ where
CR ?
end

Elaborating the definition above, t3 infers the type of the hole:

70 : At 'a VAt 'b; @ F At 'av At 'b ; At 'a vV At 'b ; @

This way we can produce the proof tree step by step, using t3 as a guide. Once we build the
proof tree, the final feature of t3 allows us to pretty print it in IATEX or in fact any other

user-defined syntax, once we provide t3 with a translation function:

language LaTeX

translation () to LaTeX where
Id : x + y = "\AXC{}\RightLabel{$Id$}\n\UIC{$#{x}\vdashi{y}$}"
end

The translation definition allows simple pattern matching on all the constructors of a
given data-type and uses basic string interpolation to place arguments x and y into the

string on the right-hand side of the pattern.

Note. 13 tries to recursively find and apply the translations to all nested terms within

a data-type. If such translation was not defined, it defaults to outputing t3 syntax.

Once we have defined the translation for all the given data-types, we can write translate

pt to LaTeX end, which produces:

\AXC{}\RightLabel{$Id$

\UIC{$\cons \vdash \cons $1\RightLabel{$\vee {R1}$
\UIC{$\cons \vdash \cons{a \vee $

\AXC{}\RightLabel{$1d$

\UIC{$\cons \vdash \cons $1\RightLabel{$\vee {R2}$
\UIC{$\cons \vdash \cons{a \vee $\RightLabel{$\vee $
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\BIC{$\cons{a \vee \vdash \cons{a \vee \cons
\RightLabel{$C_R$
\UIC{$\cons{a \vee \vdash \cons{a \vee $

Typeset in IATEX, this produces the following proof tree:

ara Id brb 'dv
aravb R bravb _R2
Y,
avbl—avb,avbC L
avbravb R
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11

Nominal string diagrams

They want you to believe the Sun is hot. | urge you to

ask yourself 'Have they ever touched it?” Think about it.

Jaden Smith
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Introduction

UR motivation for introducing nominal string diagrams has been formulated by

the slogan ‘only connectivity matters’. In the ordinary setting, this is achieved

¢ &@%ﬁ_)k/

A
IR
Rk

NESIAE

5
)
4
)

by ordering input and output wires of string diagrams and using their ordinal
numbers as implicit names. We write n = {1,...n} to denote the set of n numbered wires
and f : n - m for diagrams f with n inputs and m outputs. On the other hand, if only
connectivity matters, it is natural to consider a formalisation of string diagrams in which
wires are named, rather than ordered. Thus, instead of ordering wires, we fix a countably

infinite set 7 of ‘names’ a, b, ..., on which the only supported operation or relation is equality.

In this part of the thesis, we explore two approaches to giving a formal (categorical) defi-
nition to named string diagrams. In ch. 6, we define a general notion of partial monoidal
categories, which allow us to account for the use of named wires.

The following ch. 7 focuses more closely on the ‘nominal’ aspect of nominal string diagrams
by presenting them as categories internal in the category of nominal sets, introduced by
Gabbay and Pitts [23, 24, 43].

Calculus of simultaneous substitutions

As we already mentioned in ch. 1, the driving motivation behind formalising nominal string
diagrams was to develop a calculus of simultaneous substitutions. The advantages of a
2-dimensional calculus for simultaneous substitutions over a 1-dimensional calculus are

the following.

Tsee [20] sec. 1011
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A calculus of substitutions is an algebraic representation, up to isomorphism, of the

be indexed by finite sets S

[c1r—>b]S :Su{a} » Su{b}
for sets Swith a,b ¢ S.

On the other hand, in a 2-dimensional calculus with an explicit operation @ for set union,

indexing with subsets S is unnecessary. Moreover, while the swapping
[a—b,bra] : {a, b} - {a, b}

inthe 1-dimensional calculus needs an auxiliary name such ascin[ch]{b} ; [bn—>a]{c} ; [CHG]{b}

it is represented in the 2-dimensional calculus directly by
[amb] ¥ [bra]

Finally, while it is possible to write down the equations and rewrite rules for the 1-
dimensional calculus, it does not appear as particularly natural. In particular, only in the
2-dimensional calculus, will the swapping have a simple normal form such as [a~b]u[b~a]

(unique up to commutativity of w).
Symmetries in the nominal setting

From a graphical point of view, the move from ordered wires to named wires means that we
no longer need to consider wire-crossings, or more techincally, there are no symmetries to
take care of. This can simplify the rewrite rules of calculi formulated in the named setting.

For example, rules such as

are not needed anymore. For more on this compare figs. 7.3, 7.4.

For a geometric intutition, there should be a result analogous to the note after Theorem 312
in [44], where ismorphism of nominal string diagrams can be seen as equivalent to ambient
isotopy in 4 dimensions (also see Chapter 3 in [13]), though we have not investigated this

fully.
Partial commutative vs total symmetric tensor

One reason why ordered names/wires are convenient is that the tensor @ is given by the
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categorical coproduct (addition) in the skeleton F of the category of finite sets nF. Even
thoughn ® m = m ® n on objects, the tensor is not commutative but only symmetric,

since the canonical arrown ® m — m @ n is not the identity.

On the other hand, in the category nF of finite subsets of 77, there is a commutative tensor
Aw B given by union of disjoint sets. The feature that makes commutativity possible is that

w is partial with Aw B defined if and only if An B = @.

In order to define these partial tensors in the context of category theory, ch. 6 introduces the
notion of partial monoidal categories. The chapter then goes on to define a specific partial
monoidal category, corresponding to the 2-dimensional calculus of simultaneous substitu-
tions. The calculus we propose is given in fig. 6.2 and we prove it sound and complete w.rt.

nk.
Overview

To summarise, sec. 6.1 introduces partially monoidal categories, sec. 6.2 defines the syntax
and semantics of our language of named string diagrams and sec. 6.3 and sec. 6.4 show
completeness of the axiomatisations of, respectively, bijections and functions. sec. 6.5 gives
a short account of the software we developed to support the mathematical reasoning of this

chapter.

Giving an alternative account of partial tensors, sec. 7.2 develops the notion of a monoidal
category internal in another (monoidal) category. sec. 7.3 is devoted to examples, while
sec. 7.4 introduces the notion of a nominal PROP, sec. 7.5 shows that the categories of
ordinary and of nominal PROPs are equivalent and sec. 7.6 provides a way of translating

ordinary string diagrams into nominal ones and vice versa.
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Marcus Aurelius

Partially monoidal string diagrams

» HIS chapter has been adapted from the paper Partially monoidal categories and

the algebra of simultaneous substitutions. The paper is joint work with my

e

S5 2 supervisor Alexander Kurz. This paper wasn't originally published, as it was in

some respects supplanted by [45], presented in its extended version in ch. 7.

6.1 Partially monoidal categories

Partial monoids play a role in many different areas of mathematics and computer science.
One typical reason for partiality is the one also appearing in resource sensitive logics such
as separation logic: If f : H - Nand f* : H — N are two partial functions from pieces

H, H' of the memory, then they can be added if H and H" are disjoint.

In the literature, there are slightly different notions of a partial monoid, depending on the
role of the neutral element. A partial monoid can have no neutral element, one neutral
element, or many neutral elements (for an example of this, see the definition of a grupoid,

first introduced in [46]).

In the following definition, we write = to say that both sides are equal if either side is defined

(hence, one side is defined if and only if the other side is).

Definition 6.1. A partial semigroup (4, ®, D) consists of a binary operation ®, defined
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on D € A x A such that forall a, b, c € A the following
(a®b)®c=za® (b®c)
A partial monoid (A, e, ®, D) has, moreover, a constant e for which

e®a=a

a®e=a

These structures are called commutativeifa® b= b ® a.

As explained in the introduction, we are interested in partially monoidal categories. As our

examples in this paper are strict, we can give the following simplified definition.

Definition 6.2. A (strict) partially monoidal category, or pfmgnquQI category, consists

of

- a category A = (AO,A1) with sets A, of objects and A, of arrows and
- partial monoids (AO, e, ®, DO) and (A1, ide, ®, D1)
- such that D = (D, D,) is a subcategory of A x A

- and ® is a functor D — A.

The category is called commutative P,"‘“,;Q',‘Qi,qal if the two partial monoids are com-

mutative. A strict partially monoidal functor is a functor F such that F(e) = e and

F(a ® a') = F(a) ® F(a') whenever a ® a’ is defined. The Pf/’\'l‘?\',!?,i,q?‘\l categories

along with p/—mqnq/ik@l functors themselves form a category.

Remark 6.3. Inthe examples of this paper, the third bullet point could be strengthened
to say that D is a full subcategory, that is, two arrows can be composed by ® whenever

their domains and codomains can be composed.

The fourth bullet point entails the interchange law

(f, ® fLH(g, ® g,) = (f,#9,) ® (f,#g,) (61)

whenever (f1,f2) € D and (g1,gz) e D.

Here, in the partially monoidal situation, the right-hand side may be defined without
the left-hand side being defined. In particular, it will not always be possible to ‘slice
up’ a string diagram in the familiar fashion, see the slashed red line in eq. 6.3 or eq. 6.4

for examples.
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We write = to emphasise that this interchange law is weaker than the one for
2-categories, which holds whenever either one of the two sides is defined, see Mac
Lane [47](Ch.XIL5).

Similarly to Mac Lane [47], we also give a one-sorted formulation of partially monoidal

categories.

Proposition 6.4. The data of a partially monoidal category can also be described as
a category (C, s, t,#) in the sense of (1-4) of [47](Ch.XIl.5, p.297) equipped with a par-
tial monoid (C, €, ®, D) where D restricts to a subcategory of (C, s, t, #) satisfying the

equations

s(c ® ¢') = s(c) ® s(c)

tlc® c') = t(c) ® t(c)

and the interchange law (eq. 6.1).

Proof. Given the data of the proposition, we reconstruct the data from def. 6.2 as fol-
lows. Let D, = D be the domain of definition of ®. Define A) = {s(f) | f € C} =
{t(f) | f e C}and A, = C. All of g, s(e), t(€) are identities on A w.rt. ®, hence we can
define e = € = s(¢) = t(e) to obtain the partial monoid (A, e, ®, D) with D, being the
restriction of D, to A, It also follows that € = ide, hence (A1, ide, ®, D1) is the other
monoid. And ® is a functor since it preserves identities by definition and preserves

composition due to the interchange law.

O

A 2-category (CO, C, C2) almost becomes a p-monoidal category by taking the arrows C, as

a special case.

Example 6.5. Below we give two examples of pfmonqidal categories:

- We fix a countably infinite set 7. The category nF of finite subsets of L with @
the partially defined union of disjoint sets is a symmetric p;mgkl/l\qiq;;l category.
Note that by the union of disjoint sets, we do not mean the disjoint/tagged
union of sets. We simply mean that @ a partial set union operation on only
those sets which are disjoint; e.g. {1, 2} ® {2, 3} is undefined, since the intersec-

tion {1,2} n {2, 3} is not empty. On the other hand, we have

{1,2} ® 3,4} ={1,2} u {3,4} = {1, 2,3, 4}
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We denote by nB the subcategory of bijections.

- Another example is the notion of heaplets'in separation logics. A heaplet is
a partial function n : X — H from the address space to data, representing a
computer heap. The composition of heaplets is partial operation, defined as
n, ®n, =n,un, wheneverdomn, ndomn, = @.

We can then define a subheap relation n <y, defined if and only if there exists

a heapletx,st. n ® x = y (n ® x must of course be defined). Heaplets together

Remark 6.6. [Equivalence of nF and F]

F is a category with natural numbers as objects together with all bijective functions

between n, m for every object n,m, where n = {0, ...,n - 1},

The category nF is equivalent as a category to the the skeleton category F. However,

they are not equivalent as partially monoidal categories.

Indeed, nF is commutative, but F is not. Even though n+m equals m +n, the symmetry

category nF is easier to work with than the monoidal category F.

We will see variations on ex. 6.5 in the next section. Semantically, we will have the opportu-
nity to replace sets by words or multisets. Syntactically, we will represent nB and nF by a

string diagrammatic calculus.

In our examples, the monoid operation is the partial union of disjoint sets. There are various
ways in which one can turn this operation into a total operation, but that would introduce
technicalities that would take us further away from the aim of this paper: Syntactic repre-
sentations of nB and nF up to isomorphism that correspond closely to how we work with
simultaneous substitutions in an informal way. As emphasised above, we are interested in

a mechanism that reflects directly that [a~ b, a~c] is not a valid simultaneous substitution.

6.2 Syntax and Semantics

The syntax we will develop in this section is that of nominal string diagrams, such as the

following one:

'See the slides Introduction to Separation Logic at: https://staffwww.dcs.shef.ac.uk/people/G.Struth/
mgs18/sl-lect.pdf
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with wires labelled from an infinite, countable alphabet 77, the elements of which are written
a, b, c etc. The semantics we are interested in is that of functions between finite sets. For

example, the diagram above will correspond to the function

{a,b,c,d} - {b,d,e, f}

ad-d b-»b cHe
There are three different ways to formalise this.

First, we can treat wires as ordered and labelled with elements of 7. Sequential composition
respects the order of the wires. Parallel composition is partial because distinct wires should

be labelled with distinct names. For example, [a~b] ® [arc] is not defined.

Second, we can treat wires as ordered and number them explicitly. The label of a wire is
then an occurrence of a, that is, a pair (i,a) where i is a number and a a name. Parallel
composition can then be total and distinct wires will still have distinct labels as multiple
occurrences of the same name are now distinguished by different indices i. But we need
to be careful because we can now build diagrams such as [a~b, a~c] that do not denote

functions between subsets of 7.

Third, we can treat wires as unordered. Instead of thinking of ordered wires lined up in a
linear fashion top to bottom, we now picture them as coming out of plane with no particular
order between them. Sequential composition is still uniquely defined as each wire carries
a unique label. Another way to look at it is that the rewrite rules of diagrams need to be
understood modulo exchange of wires. Accordingly, proofs are one step further away from
what would be implemented in a proof assistant but easier for human consumption and

closer to geometric intuition.

Each of the three approaches can be understood as dealing in different ways with the sim-
ple fact that a setis a list modulo exchange and contraction”. In the first and third approach,
contraction is built into the data structure by restricting our categories to irredundant di-
agrams. By irredundant diagrams, we mean that the inputs/outputs contain no duplicate
names. Consequently, parallel composition must be partial. Moreover, in the third ap-
proach, exchange is also built in. In the second approach, parallel composition is total and
it is possible to build diagrams that are not irredundant and do not correspond to func-

tions between sets of names. We show that the first and second approach generate the

removing duplicates
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same equivalence relation on repetition-free diagrams. Alternatively, one could investigate

adding explicit equations for contractions, which we do not do.

In the following we will discuss these three approaches in turn. We start with some nota-

tional preliminaries.

A word of length n is a function X :n > M, thatis, an element of 1", We may also write a
word X as (Xo' X ). If we want to emphasise that the range of a word is a set X of names,
we write aword as X : n — X, or also as X : [[X]| = X, where n = ||X|| denotes the length
of the word X.

Since we are interested in string diagrams representing functions between sets, we some-

times want to restrict attention to words that do not have multiple occurrences of any let-

X |X| - X

6.21 Ordered sets of wires

Semantically, we consider the category of ordered sets in this section; that is, ordered sub-

sets of names. More formally, we define the category of ordered sets as follows.

Definition 6.8. The category of (finite) ordered sets swF is defined as the category that

has irredundant words over the alphabet 72as objects and has as arrows (f,g) : X = ¥

commutative squares

We denote by swB the subcategory where all g (hence f) are bijective’.

While we are interested in the meaning of a diagram as a function between subsets of 71,

we start by interpreting them as arrows between words. The reason is that in a diagram the

3since all functions in the commutative square making up an arrow (f, g) are bijective, the functions f and
g determine each other.
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order of wires matters.

Syntactically, diagrams are arrows in a syntactic category where objects are irredundant
words and arrows are built up from the basic diagrams and sequential and parallel compo-

sition:

Definition 6.9. We write swF for the partially monoidal category that has irredundant

words as objects and arrows freely generated from instances of

We now define the interperetation [-] of the syntactic objects of swF/swB in swF/swB:

Definition 6.10. The basic diagrams
o (twist), & (renaming), p (substitution) and n (lollipop)

are parameterised by distinct a, b € 7 and have the following interpretation as arrows

n"-n"

[DC]- =

= ~ b
{a,b} —— {a, b} (@) —— (b}
0~ 0
"0 o —2 1
|]:a b:l]:?gl JOHb |]:.—0ﬂ: ()] [OHG
b
{a:b}ﬁ{b} @T{a}

bwb

Next, we generate a partially monoidal category from the above basic diagrams and sequen-
tial and parallel composition. Sequential composition of diagrams is given by sequential

composition of functions:

“Provided the interfaces of the two diagrams match.
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f g f g
m-———n n—m—o m-—m—n———o
i[ [1 ’ ;ﬁ kk = :w M’ k|
XT>Y vﬁz X m Y ” Z

The notation above implies that the wires that are composed, denoted j, agree in number,

order and labelling.

Parallel composition is partial, as it is only defined whenXnW =Y nV = @:

f g feg
m-———n o——p m+0———n+p
X—py—Y W——V XeW-———YuV

where w = U, due to the partiality constraint, and @ is defined as:

f@g:m+o->n+p,

) () forO0<j<m
f®g()=

gi-m)y+p forms<j<m=+o
and

iR m+o0 - XuW,
i(j) for0<j<m

i @ R(j) =
RGj-m) formsj<m+o

Finally, recall that nF and nB denote the partially monoidal categories of (finite) functions

and bijections, respectively. We now have

[] I
swk — swF — nF

and -1 -
swB — swB — nB
where the forgetful functor | - | maps an arrow (f, g) of words to the function g, such that

the following holds.

Proposition 6.11. The semantics extends to partially monoidal functors |[-]| : swB —
nB and |[-1] : swF — nF. In particular, if (f,g) = [¢ : w — V], then g is a function

from the set of letters of w to the set of letters of v. Moreover, if ¢ is in swB then g is a

bijection.

In sec. 6.3 we are going to axiomatise the theory of bijections that describes which diagrams

are identified by |[-]| : swB — nB and in sec. 6.4 the theory of functions that describes
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which diagrams are identified by |[-]] : swF — nF.

6.2.2 Ordered multisets of wires

The aim of this section is to investigate what happens if we make parallel composition total.
One reason for doing this is that we will prove that even though the resulting rewriting
system may take detours via meaningless diagrams, it is the case that every rewrite in the
‘total system’ between two irredundant words corresponds to some rewrite in the ‘partial

system’.

For example, in this section we will allow the composition [a~b] ® [a+c] = [a~b, ar].
Semantically, we make this correspond to a function {(0,a) ~ (0, b),(1,a) ~ (1,c)} not
between sets but occurrences of names. Accordingly, in the semantics, we will use words

of pairs ((0, x,), ... (n - 1, x,_,)) instead of words (x,, ... X, _,)-

Technically, going to a total parallel composition corresponds to going from ordered sets
of names to ordered sets of occurrences of names, or from ordered sets to ordered mul-
tisets (ordered multisets are pomsets [48] where the order happens to be linear), or from

irredundant words to words.

Definition 6.12. The category of words with functions wF is defined as the category of

words over the alphabet 72 with an arrow (f, g) : X — Y being a commutative square,

f "
I ————1vI
[
Y

modulo an equivalence relation on arrows (f,g) = (f,g’) if f = f". We denote by wB

X

X/ X

BN

9

the subcategory of arrows (f, g) where f is bijective.

The equivalence relation on arrows is justified by the observation that, on the image of X,
the arrow g is determined by f. (The reason we are only interested in the image of X is that

this image determines the word uniquely.)
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Next, we generate a partially monoidal category from the above basic diagrams by closing
under sequential and parallel composition. Sequential composition of diagrams is given by

sequential composition of functions:

m-———n HLO m n J (o]
:ﬁ |j ’ 1[ {k = :[ {j k|
mxX—nxY anT>OxZ mxXTanTOxZ

The parallel composition is now total:

f g ®g
m . 0o—p m+o————n+p
mxX—-nxY oxW —>pxV Mm+0)x(XuW)— (n+p)x(YUV)

Definition 6.13. We write wF for the monoidal category that has words as objects and
has arrows that are freely generated from instances of o, 6, u,n. wB is the monoidal

subcategory generated from g and 6 only.

Proposition 6.14. The semantics extends to monoidal functors [-] : wB — wB and

determined by, a unique function between sets of names (denoted g’ inthe proposmon)

Proposition 6.15. Let ¢ : X — Y be a diagram in wF and (f,g) = [¢] IfX and ¥ are
irredundant, then g : IXIl xX = (Y| xYis of the form g = f x g’ for a unique function
g XY

Proof This follows since irredundantness means that X and Y are bijections. In detail,

we have
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f
IX] —————1YI

(id,)'()] }id,\?)

IX] % X ————— Y| ¥

and defineg’ =Y o f o X7

The equation (f x g') o (id, X) = (id, Y) o f follows immediately as well as that any g’

satisfying this equation is uniquely determined.
O

6.2.3 Sets of wires

In this section, we change the notion of sequential composition so that it ignores the or-
dering of the wires. This is possible because, as in sec. 6.2, every wire will carry a unique

label. Thus, the domain and codomain of a diagram ¢ : X — Y are sets of wires.

In secs. 6.21, 6.2.2, even though the generator
E\ b
o= , \—a
defines the identity function {a, b} - {a, b}, we could not add the equation o = id as
sequential composition had to respect the order of the wires and the labels. With the new
sequential composition we could add this equation, but it seems easier to just drop o from
the generators and to take the domain and codomain of a diagram to be sets of labels rather
than words. The semantics of 6 (renaming), p (substitution), and n (lollipop) can then be

given directly in terms of functions.

ERSL T — |1°>>—"ﬂ= (a, b} —— (b}
am b amb
b b
| = @ ——{a}

Sequential composition of diagrams is described as above by linking wires with the same
label. Parallel composition is stacking diagrams on top of each other and is partial as it has

to respect the irredundantness constraints.
Definition 6.16. \We write nF for the partially monoidal category freely generated from

6, 4, n and parallel and modified sequential composition as described above. We write

nB for the partially monoidal category freely generated from 6 only.
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Proposition 6.17. The semantics extends to partially monoidal functors[-] : nB —» nB
and [-] : nfF — nF.

6.3 The Theory of Bijective Functions

In this section we will consider the category nB of bijections of finite subsets of some set 7,
with the generator 6 , : {a}' — {b}' representing a bijection {a} »» {b}and g , : {a, by -

{a, by representing the identity function id{a by - {a, b} - {aq, b}.

Note. We write {a, b}2 to mean a function 2 - {a, b}.

Following Lafont [49], we introduce a notion of a canonical form for string diagrams formed
from the generators g and 6, defined in the previous section. We first inductively define the

notion of stairs:

In both instances, we omit the names/labels on the wires for better readability.

Lemma 6.18. Any bijective function f : X >» Y together with an ordering on X and Y

(given by X : |X]| >» X and Y : |Y| > Y) is represented by a unique canonical form”.
Proof. By induction on the size n of X and Y:

- Ifn =0, then f is the identity function on the empty set and is represented by
the empty string diagram.

- If n 2 1, then given X and Y, we have X, = )?(1) andy,_ = f(x1) (where n =
\7'1(f(x1))). Now, we have two cases, either x, =y , in which case we will have

the diagram:

The canonical diagrams are unique in the graphical 2D syntax and unique up to axioms of a monoidal
category when represented in the one dimensional syntax.
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. ‘—'ym
. X4
2fyn—1
— Vs

where the remaining part (in magenta) is given by the IH, by removing X, and

y, from f, X and ¥ and re-numbering the order functions.

In case x, # y,, we get the following diagram (with the IH giving the remaining

part, as in the previous case):

O

Before we show that the rewriting system of fig. 6.1 is terminating and rewrites to the canon-
ical form, we have to take care of the fact that due to the partiality of ® not all diagrams

can be decomposed in the usual fashion. Consider the example below:
77777777 (6.3)

Here, the vertical slicing of the diagram in the middle is not allowed, because the two sub-
diagrams would violate the irredundantness constraint, since two ¢'s would appear in the
codomain and domain of the left and right sub-diagram, respectively. In order to avoid such
conflicts, we define a notion of restricted substitution, wherein we replace repeated names
with fresh ones, such that the new diagram can be sliced arbitrarily without restriction. For

example, the substitution renames both ¢'s into fresh variables:

As we will show, the rewriting system in fig. 6.1 axiomatises the theory of bijections. Notice
that we elided the labels in some of the equations, which then need to be instantiated by

appropriately labelling the wires as shown in sec. 6.2.1.

=X XC - T ek e e
D oul s

X — X a#u»u

—

Figure 6.1: Rewrite rules of swB
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Lemma 6.19. Any diagram ¢ : X — Y in which all internal names are fresh reduces to

a canonical form $ by the rules of fig. 6.1.

Proof. We prove this lemma by double induction on the number p of input/output
ports (p = IX] = |Y]) together with the size s of ¢, defined as the number of generators

which make up the diagram.
- Ifs=0,then¢ = id)a( = id?, which is a canonical form.

- If s 2 1 then we would like to separate the diagram into an elementary diagram
€ and a diagram w of size s - 1,st. ¢ = @ ; €. However, we need to be careful

as this might not always be possible.

- If & = g, the proof mirrors Lafont’s in the usual way. There are 4 cases (the
case for the canonical form with and without the diamond are exactly the

same in these 4 cases and we highlight € in cyan):

In the first case, we apply the first rule and then apply the IH to a sub-

diagram with p - 1 ports (outlined in magenta).

In the second case, we apply the second rule and obtain a diagram in

canonical form. In the third case, we use the IH for p - 1 again.

5
\
[

The last case is a canonical form already.
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- If € = §, things are a bit more tricky as we cannot always decompose the

diagram in the desired way.

Consider the following case:

— s

The diagram above is problematic, as we we cannot split it along the

dashed line, since the smaller diagram y will no longer be irredundant.

In order to proceed, we use the notion of restricted substitution described
earlier, replacing one specific occurrence of a label with a fresh name,

starting from the output port going backwards. There will be two cases:

In the first case, the operation traces the label a backwards, replacing it

with a fresh label a”, until it reaches a diamond:

: Do
b a La b a* Q"

In the other case, the label is traced all the way back to the input port, in

which case we get the following diagram:

‘a . ‘at

Applying this operation to the problematic diagram we obtain two cases:
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‘a*' b
©
W[Gj] ‘ :Cl,'
e !
N ‘ e |
| : _ e
Gj'b I
A
!
\ : ‘ ‘
: —]  B—
- | ~au I "ati b
a; |a* e
! wlal| ' 4
|- (I
| |

This now allows us to separate the original diagram ¢ into qJ[aj] ; (i?:l ®
6,4, ® id) or (id ® Saat @ id) ; yla]; (id ® 6,4, @ id).

Since, by definition, a” is a fresh variable not appearing anywhere in the
diagram, this decomposition is defined and since size(t,u[aj]) = size(yp) =
s -1, we can apply the IH to lp[Clj] and obtain Lﬁa\j], which is in canonical

form.

We analyze the following three cases of the sub-diagram t,u/[a\j] ; (iEI ®

61y ® ia), ignoring the second case of the substitution above (for now).

For the first case, we simply slide the diamond past the twist (4th rule)
and apply IH to a sub-diagram with p - 1 ports (likewise for the second

case):
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The last case involves multiple application of the last rule, sliding the
diamond past all the twists of the stairs (this derived rule is easily proven
by induction on the height of the stairs). Here, we have two further cases.
Either the normal form has a diamond at the bottom most port, in which
case we apply rule 3 and obtain a diagram in canonical form, otherwise,

the last port is an identity and we already have a canonical form.

ol - b

Finally, we get back to the other case of the diagram substitution, namely:

I [
: a*- b
a; | a* —t—<>—
| plal | ' g,
|- \ :
\ \

We apply the same reasoning as for the first substitution case and obtain

the following diagram (which is almost in canonical form):

#
aj a

In order to show that the diagram above is/can be turned into canonical
form, we will modify the definition of canonical form slightly. One can
easily see that the following definition of canonical form is equivalent to

the one introduced earlier:
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i

s
S
I I

For the first case, we apply the 3rd rule and obtain canonical form and in

the second case, we already have canonical form.

O

Recall from sec. 6.2.1 that the partially monoidal category swB is ‘free over twistand diamond’

and that there is a p-monoidal functor

[-1:swB — swB

this functor is axiomatised by the equations of fig. 6.1:

Theorem 6.20. The partially monoidal category swB modulo the equations from fig. 6.1
is isomorphic to the partially monoidal category swB of irredundant words with bijec-

tions.

Proof. A quick inspection verifies that the left and right-hand side of all rewrites in
fig. 6.1 are mapped to the same bijection between irredundant words in swB. This
shows the soundness of the equations. For completeness, we need to show that if two

diagrams ¢, @ are identified by [-], then they can be proved equal using the equations.
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By lem. 618, we know that [¢] = [w] has a unique canonical form and by lem. 619 we
know that both ¢ and w rewrite to this canonical form. Hence ¢ and w are equal
according to the equations.

O

The next theorem shows that when using equational reasoning, we can work with a total
parallel composition. While not all diagrams showing up in such a proof correspond to
functions between sets of names, they do so if their domain and codomain are irredundant

words.

Recall [-] : wB — wB from prop. 6.14.

Theorem 6.21. Let ¢, y be two irredundant diagrams in wB such that ¢ = y in the

equational theory of wB plus the equations of fig. 6.1. Then ¢ = y in the equational

Proof. There are more equations in wB than in swB because the interchange law in
swB is restricted by the partiality of parallel composition, see eq. 6.3. Nevertheless, if
¢ = @ in the equational theory of wB then [¢] = [@] in wB because the equations of
fig. 6.1 are sound wrt to [-] : wB — wB. But since ¢ and y are irredundant, [¢] = [w]
inwB implies [¢] = [w] in swB. Now the result follows from the completeness part of
thm. 6.20.

O

Next, we come to the question of representing the category of nB up to isomorphism. In-

once we add equations between objects identifying all words that only differ in the order

of their letters. This can be made precise by adapting the notion of presentation modulo

of Curien and Mimram [50] to partially monoidal categories:

The category presented by swB plus the equations of fig. 6.1 plus equational generators
[50](Def 7) identifying words that only differ in the order of their letters is isomorphic to the

category nB of finite sets of names.

If we are willing to work with sets of wires instead of words of wires we obtain the following.

Recall prop. 6.17.

Theorem 6.22. The partially monoidal category nB modulo equations

a——0—c = a—-<>—cC a———a = a

is isomorphic to the partially monoidal category nB of finite sets of names with bijec-

tions.
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Why are the equations of thm. 6.22 so much simpler than the equations of fig. 617 Geomet-
rically, if wires are sets, then wires do not line up in one dimension but can be pictured as
coming out of a 2-dimensional plane as in fig. 31 of [13]. Similarly to how the geometry of
planar string diagrams trivialises the laws of monoidal categories, going from ordered wires

to sets of wires trivialises the equations of fig. 6.1 that involve twisting of wires.

6.4 The Theory of Functions

We extend the results from the previous section from bijections to functions. In other words,

going back to def. 6.9, we extend swB with the generators p and n, see def. 6.10.

Again, we define a canonical form for these diagrams:

| S

B

The rules of this rewrite system are given in fig. 6.2.

g
1
H
f
:
ARG
f
SR

Figure 6.2: Rewrite rules of swF

Lemma 6.23. Any function f : X — Y is represented by a unique canonical form in

sw.

Proof. We begin with the observation that any function g : X — Y can be factored

as a surjection, followed by an injection in a straightforward way. Thus we can do the
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following factorization for our function f:

We will first focus on the left part of the picture, namely the surjection. We define fsur

in the following way:
£, (x) = max* ' (F0N)

where 2f 1 2¥ = 2X is the pre-image of f and max* : 2¥ — X is defined as:

maxy((Z) = X(max(X~'[21))

(X121 : 2 > 2¥lis the inverse function of X lifted to sets)

Intuitively, f, = acts as the identity on everything, but the elements, which are identi-
fied in the image of f. For those, we take the pre-image of f and choose a canoni-
cal/maximal element, which is given to us by the max® function. This function takes
the set of elements that are to be identified and choses the largest one, according to

the given ordering X.

Next we need to give the ordering function X’. Since this must be a bijection, we will

instead give the definition of the inverse function X

X7 (x) = shift (V' (F(0), V" (F(x) + 1)
shift : |Y| x |Y] = |X]
shift (g,0) = g
shift (g, c - 1) if Y(c - 1) € fIX]

shift(g, c) =
shift(g - 1,c - 1) otherwise

The ordering X is defined from the ordering Y, by essentially composing Y with f and
then filtering out the elements in the domain of ¥, which do not appear in the image

of f. It is much easier to see this pictorially:

b
cl

0"

Q nNn o 9
QN o9
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In the diagrammatic representation of a function f above, fsur is defined as

fu @) =d £, (b)=bf, ()=c f,(d)=d
and can be read off from the sub-diagram to the left of the dashed line. The ordering
X' is:
X0)=b X(1)=c X'(2) =d

and thus

X'b)=0 X"(c)=1 X (d) =2

We can verify that our definition of X" above is correct, by checking that )?'_1(d) is

really 2.

X7 (d) = shift (V7' (£(d) + 1), V"' (£(d)))
= shift (Y'(d), Y '(d) + 1)

= shift (3, 4)

= shift (3, 3) Y(3) € fIX]1(Y(3) = d)
= shift (2, 2) Y(2) ¢ fIX]1(Y(2) = ¢)
= shift (2, 1) Y(1) € f[X](Y(1) = b)
= shift (2, 0) Y(0) € fIX1(Y(1) = a)
=2

Finally, the right side of the picture, namely the definition of fmj : X' > Yissimply:
£ () = ()

We will now match the surjective decomposition of f to the left side of the canoni-
cal form form and the injective decomposition will correspond to the right canonical

diagram.

- Surjection: We proceed by induction on the size n of X:
- Ifn = 0,then fis the identity function on the empty set and is represented
by the empty string diagram.
- If n 2 1, then given X and X", we have X, = X(1) and x, = £, (x,) (where
n = )?’_1(1“sur(x1 ))). We have two cases. Either X, is mapped to x, and no
other value is identified with x; (i.e. |2f({f(x1)})| = 1), in which case we

will have the diagram:
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. X,
X24Z;;
X4 X

otherwise, we have [2/({f(x,)})] > 1 and x

, Is identified with some x;, in

which case we have:

where the rest of the diagram is given by the IH, by re-numbering X, X’
and removing x, from the domain of fsur.
- Injection: Again, we proceed by induction, now on the size n of Y:
- Ifn = 0,then f is the identity function on the empty set and is represented
by the empty string diagram.
- Ifn 2 1, then we have y, = Y(1). In case we have y, € fIX] we get the

oY,

diagram:

Otherwise we have 27 ({y,}) = {x;} where we either have x; = y,, in which

7
X;—o—Y,

case we get:

Vi Vi

otherwise:

The rest of the diagram in all three cases is given by the IH, by

re-numbering Y and removing x; from the domain offl.m..
O

Lemma 6.24. The rewrite system in fig. 6.2 is terminating.

Proof. In order to prove termination, we will use an argument of polynomial interpre-

tation, similar to the one found in Lafont [49].

For all diagrams o : X — Y we will define a strictly monotonic map [0] : (N* ><N+)|XI -

(N* x N1 where N* is the set of strictly positive integers and (N* x N*)" comes with
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a lexicographic product order:

(X130 K)o (6,10 X)) € (y10 Vo s (g0 V) Whenever
(X111 X12) S (y111y12)) A | (Xn11Xn2) S (yn1lyn2)

def

where (x,, X,) € (V;,¥,) = X, Sy, Vv (x1 =Y, AX,<Y,)

We give a pair of interpretation functions for each of the generators:

V1Y) (X1,X2) Vy2)

2 2
(x1,x2) (X1+Y1,X2+2Y) (X4,X3) >_ (2x14Y1,2X2#)
(X1X3) —o— (X+1,x,+1) o (1,1)

This interpretation is compatible with the parallel and sequential composition, and
it thus suffices to check that all the rewrite rules, when interpreted, strictly decrease
in at least one coordinate. In the example below, this condition is satisfied, since
(X %)) < (x; + 1, %, +2):

(X1IX2):>C(1I1) ._(111)

(x;+1,x,+2) - (X1X5) — (X4,X2)

We will omit the rest of the rules. The full proof was formalized and checked using an

SMT solver and is discussed in further detail in sec. 6.5.
O

Lemma 6.25. The canonical form, defined at the beginning of this section is a normal

form for the rewriting system, presented in fig. 6.2.

Proof. To see why the canonical form is a normal form, we analyze the rules of the
system and argue that the canonical form must be the normal form because it contains

no redexes.

Looking at the canonical form, we can see that it is split into the a left and a right
canonical form, where the left diagram contains only twists and cups and the right
side only contains diamonds and lollipops. We can thus eliminate all the rules which

have a lollipop/diamond before a cup or a twist, such as
R G
‘_

since the diagram on the left of such rule can appear neither in the left nor in the right

canonical diagram.

For rules, such as
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a—0—0—c —® a—0>—C *—- — o—

the left hand sides clearly cannot appear in the left canonical form, and by inspect-
ing the right canonical form, we can see that they also cannot appear there, as the

canonical right diagram can only ever have one generator at any given port/level.

A similar argument can be made for the rest of the rules, which involve analyzing the

left normal form diagram. Take for example
N~ 5

We need to show that the left hand side of the rule could never appear in a canonical

form. Due to the shape of the rule we must necessarily have the following diagram:

.\\&’

It is then easy to see that there is no way to attach the second twist, such that the
resulting diagram is a canonical one, since the only way to attach a twist this diagram

is to use stairs, which will lead to

The other rules follow in a similar fashion.
O

Lemma 6.26. The rewrite system in fig. 6.2 is locally confluent and reduces to the canon-

ical form.

Proof. To avoid the difficulty of the partiality of the parallel composition, we will use
a similar trick as in lem. 619, wherein we substitute multiple occurrences of the same

variable with fresh ones, st. we get the following:
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M \b#E
Y - p* H—o—b,

_ b, _

Since the diagram l,U# (before the dashed line) only contains one occurrence of each
name, all compositions are defined (informally, this is because any sub-diagram will

have a irredundant word on both the input and output ports). It now suffices to show

that @* reduces to normal form, by proving local confluence.

To show local confluence, ~100 critical pairs have to be checked”. These are omitted

for brevity and can be found on github’.

Having shown that the normal form is indeed the canonical form in lem. 6.25, the

reduced diagram y* is of the form:

N\

—ZAX% b,

In order to get the final canonical from, we simply need to apply the 3rd or 6th rule
to collapse the two diamonds for all the diamonds introduced by the substitution

operation.

O

The remainder of this section copies almost verbatim the corresponding part in sec. 6.3.
Recall from sec. 6.211 that the partially monoidal category swF is ‘free over twist, diamond,

cup and lollipop” and that there is a functor
[-1: swF — swF

into the category of irredundant words with functions. We have shown that the kernel of

this functors is axiomatised by the equations of fig. 6.2:

Theorem 6.27. The partially monoidal category swF modulo the equations of fig. 6.2 is

isomorphic to the partially monoidal category swF of irredundant words with functions.

Proof. A quick inspection verifies that the left and right-hand side of all rewrites in

fig. 6.2 are mapped to the same function between irredundant words in swF. This

®As discussed in sec. 6.5, we are currently not confident we have found all the critical peaks.
"https:/ /goodlyrottenapple.github.io/string-diagrams-functions/confluence.html
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shows the soundness of the equations. For completeness, we need to show that if two
diagrams ¢, @ are identified by [-], then they can be proved equal using the equations.
By lem. 6.23, we know that [¢] = [w] has a unique canonical form and by lems. 6.24,
6.26 we know that both ¢ and w rewrite to this canonical form. Hence ¢ and y are

equal according to the equations.

O

Recall [-] : wF — wF from prop. 6.14.

Theorem 6.28. Let ¢, p be two irredundant diagrams in wF such that ¢ = g in the
equational theory of wF plus the equations of fig. 6.2. Then ¢ = y in the equational
theory of swF plus the equations of fig. 6.2.

Proof. There are more equations in wF than in swF because the interchange law in
swF is restricted by the partiality of parallel composition. Nevertheless, if ¢ =  in
the equational theory of wF then [¢] = [w] in wF because the equations of fig. 6.2
are sound wrt to [-] : wF — wF. But since ¢ and y are irredundant, [¢] = [y] in
wF implies [¢] = [w] in swF. Now the result follows from the completeness part of

thm. 6.27.

O

6.5 Software Tools

The proofs of termination and confluence presented in sec. 6.4 were given in reduced detail
as the specifics are rather technical. In order to alleviate the burden, we developed software

tools which helped building these proofs. These tools are presented briefly below.

6.51 Termination Proof

The termination proof in the previous section (lem. 6.24) uses a polynomial interpretation
argument adapted from Lafont’s original proof [49]. Whilst trying to modify the original
proof (by adding the lollipop generator and the associated rules) it quickly became tedious
to check if all 19 rules preserved the order. Moreover, when playing around with different
possible rules, one needs a way to quickly check whether the new rules still terminate or
not. Since the polynomial interpretation involves only simple arithmetic, we decided to

automate the proof checking by delegating this work to an SMT solver.

As a result, we developed a Python script, which encodes the generators and all the rules

as first order logic formulas which are then given to the 73 SMT solver to be verified.

All the generators are translated into abstract functions; for example,
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fxy)

y
x K fixy)

becomes

f1 = Function('f1', IntSort(), IntSort(), IntSort())
f1_def = ForALl1([x, yl, fi(x, y) = x+y)

f2 = Function('f2', IntSort(), IntSort(), IntSort())
f2_def = ForAlLl([x, yl, f2(x, y) = x)

The rules and the monotonicity condition
X £(90,x) —4()
KRl T x——x

are then encoded as

And(
f1(g(),x) >= x,
f2(g(),x) >= g(),
or(f1(g(),x) > x, f2(g(),x) > g()))

which corresponds to f,(g(), x) 2 x A £(g(), x) 2 g() A (£,(30, x) > x v £,(g(), x) > g()), en-
coding the condition that at least one argument is strictly decreasing, and none are increas-
ing. The implementation helped us to experiment with different functions f,, f,, g and was

instrumental in finding the solution employed in the termination proof.

6.5.2 Confluence Proof

In order to check local confluence of our system, we decided to implement the rewrite
system in Haskell. This allowed us to generate the confluence proofs automatically, by
giving the tool the critical peak diagrams we wanted to check. In future work, we hope
to also generate the critical peaks automatically and provide an argument that we have
checked all the critical peaks for the given system, since, at the moment, we aren’t sure
whether we have indeed listed all the critical peaks.

Both the termination script and the implementation of the rewriting system can be found

on github®,

6.5.3 Related work

Having followed the style of proofs in [49], we have since been alerted to more modern

and scalable approaches to proving termination and confluence of string diagram rewriting,

8https:/ /github.com/goodlyrottenapple/string-diagrams-functions
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described in [57, 52] and [53]. As we have found when implementing the confluence proof
checker, using the naive approach of representing string diagrams in their traditional 1-D
syntax does not scale particularly well. This is due to the large number of equivalent dia-
grams arising from the monoidal equations and makes rewriting diagrams in this form tricky
and computationally expensive. The work referenced above uses a different data structure
for string diagrams, namely open hypergraphs, which allow for much more simplified and
efficient rewriting of diagrams. Several tools taking this or similar approaches have been
developed to work with categories presented by 2-dimensional syntax in a graphical way.
These include Globular [54], Quantomatic [55] and CARTOGRAPHER [56], the last of which is
most closely aligned with our work, as it operates within the setting of symmetric monoidal
categories. An interesting future direction might be to try to extend CARTOGRAPHER to work

with nominal string diagrams.
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Ut, quasi transactis seepe omnibu rebu, profundant

Fluminis ingentes fluctus, vestemque cruentent.

Lucretius

Nominal string diagrams

A s mentioned earlier, this chapter is an extended version of [45], which was pre-

sented at CALCO 2019. This paper is joint work with my supervisor Alexander

Kurz.

71 Setting the Scene: String Diagrams and Nominal Sets

Whereas the last chapter focused on the presentation of nominal string diagrams via par-
tially monoidal categories, we start this chapter with more background on the algebraic
presentation of string diagrams. First, we review some of the terminology and basic defini-

tions of ordinary string diagrams.

711  String Diagrams and PROPs

String diagrams are a 2-(or higher)-dimensional notation for monoidal categories [13]. Their

algebraic theory can be formalised by PROPs as defined by MacLane [47].

A PROP (products and permutation category) is a symmetric strict monoidal category, with
natural numbers as objects, where the monoidal tensor @ is addition. Moreover, PROPs,
along with strict symmetric monoidal functors, that are identities on objects, form the cat-
egory PROP. A PROP contains all bijections between numbers as they can be be generated

from the symmetry (twist) 0 : 1 ®@ 1 - 1 & 1 and from the parallel composition ® and
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sequential composition ; (which we write in diagrammatic order). We denote by g, . the

PROPs can be presented in algebraic form by operations and equations as symmetric
monoidal theories (SMTs) [57].

An SMT (%, E) has a set X of generators, where each generator y € X is given an arity m
and co-arity n, usually written asy : m — n and a set E of equations, which are pairs of
I-terms. -terms can be obtained by composing generators in ¥ with the unitid : 1 —» 1
and symmetry 0 : 2 - 2, using either the parallel or sequential composition (see fig. 7.1).

Equations E are pairs of Z-terms with the same arity and co-arity.

y:m->nes id:1-1 g:2-2
t:m->n t:o-p t:m->n s:n-o
t®@t :m+o0->n+p t;s:m->o

Figure 7.1: SMT Terms

Given an SMT (%, E), we can freely generate a PROP, by taking 2-terms as arrows, modulo the

- the equations stating that, together with id, the compositions ; and @ form monoids
- the equations of fig. 7.2

- the equations E

o o,.=id (SMT-sym)

111 999 2

(s;)@;v)=(s@u);(tev) (SMT-ch)
Ss:m-n t:o->p
(s@t);on,p=o i (t®s)

m,o '

(SMT-nat)

Figure 7.2: Equations of symmetric monoidal categories

PROPs have a nice 2-dimensional notation, where sequential composition is horizontal
composition of diagrams, and parallel/tensor composition is vertical stacking of diagrams

(see fig. 71). We now present the SMTs of |bijections B , 'injections | , surjectionsS ,
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Figure 7.3: Symmetric monoidal theories (compiled from [49])

functions F , partial functions P - and monotone maps M |

The diagram in fig. 7.3 shows the generators and the equations that need to be added to

the empty SMT, to get a presentation of the given theory.

To ease comparison with the corresponding nominal monoidal theories in fig. 7.4, we also

added a Striped background to the equations with wire-crossings, since they are already

implied by the naturality of symmetries (SMT-nat). The right-hand equation for-
is (SMT-sym) and holds in all symmetric monoidal theories. We list it here to emphasise the
difference with fig. 7.4.

71.2 Nominal Sets

Let 72 be a countably infinite set of ‘names’ or ‘atoms’. Let $ be the group of finite” permu-
tations 7 — 7. An element x € X of a group action $ x X — X is supported by S € M if
m-x = x for all m € $ such that m restricted to S is the identity. A group action $x X — X

where all elements of X have finite support is called a nominal set.

We write supp(x) for the minimal support of x and Nom for the category of nominal sets,

which has as maps the equivariant functions, that is, those functions that respect the per-

"The theory of monotone maps M does not include equations involving the symmetry o and is in fact
presented by a so-called PRO rather than a PROP. However, in this paper we will only be dealing with theories

presented by PROPs (the reason why this is the case is illustrated in the proof of prop. 7.29).

A permutation is called finite if it is generated by finitely many transpositions.
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mutation action. We present an example of a sub-category of Nom; the category of simul-

taneous substitutions:

Example 7.1. [Category nF]

a category, it also carries additional nominal structure. In particular, both the set of
objects and the set of arrows are nominal sets with supp(A) = A and supp(f) = AuB
for f : A - B. The categories of injections nl, surjections n$, bijections nB, partial

functions nP and relations nR are further examples along the same lines.

7.2 Internal monoidal categories

As stated in the introduction of this thesis, our exploration of string diagrams started out
from the desire to create a calculus of simultaneous substitutions. Our aim was to give a
presentation of the category nF and we realised that string diagrams are an elegeant way

to do just that.

Recall from rem. 6.6 that F, which is presented by the SMT of | functions F , is the skeleton

category of nF. Whilst in F, the monoidal tensor @ is the coproduct
®: FxF-F

we see from the definition of nF in ex. 7, that a monoidal product w’, corresponding to the

parallel composition in nF, must be a partial operation
W : nFxnF - nF.

This is the case, because we want to ensure there is no overlap between the domains and

co-domains of the two functions we compose.

One way to formalise this is to develop a theory of partial monoidal categories, as we have
done in the previous chapter. However, in this situation it seems more elegant to notice

that w can be viewed as a total operation
w:nk @nk — nk

if we take @ as the “separated product” A @ B = {(a,b) € A x B | supp(a) n supp(b) = @},

which internalises the constraint that f w g is defined iff the domain and codomain of f

*We will use the v symbol for the monoidal tennsor of nF to distingusih it from the monoidal tensor ® of
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and g are disjoint. Whilst seemingly ad-hoc at first, we only have to look at the definition

of Nom four our definition of @:

Example 7.2. Nom forms a symmetric monoidal (closed) category (Nom, 1, ) of nomi-
nal sets with the separated product * (for details see [24]). 1isthe terminal object, i.e.a
singleton with empty support. The separated product of two nominal sets is defined

as A+ B ={(a,b) € Ax B | supp(a) n supp(b) = @}.
It is immediately obvious that our @ is simply a “lifted” version of = from Nom.

To make this lifting precise, we introduce the notion of an internal monoidal category. Given

a symmetric monoidal category (¥, ®) with finite limits, such as Nom in our example, we

are interested in categories C, internal in ¢, that carry a monoidal structure not of type
CxC —» Chbutoftype C @ C - C. Here we will make a distinction between the ® monoidal
product of the category ¢

®: UxU-> v

and the lifted product-of-internal-categories’
Q: Cat(t?) x Cat(tv}) —» Cat(?}).

This lifted tensor will then allow us to account for the partiality of w discussed above, such

that we have:

Example 7.3. The category (nF, @, ) is an internal monoidal category (in Nom), with
monoidal operation given by AwB = AuB if A, B are disjointand fu f' = fuf ifAA
and B, B" are disjointwhere f : A—> Bandf : A" - B'.

(nF, @, w) as defined in this example is not a monoidal category, since v, is not an

operation of type nF x nF — nF, but insted nF @ nF — nF.

The purpose of this section is to give a proper definition of the notion of internal monoidal

categories and to show that (nF, @, w) is an internal monoidal category in (Nom, 1, ).

From our example nF above, we know that we want arrows (f,g) to be in (C & G)f, if
dom(f) n dom(g) = @ and cod(f) n cod(g) = @. One might be tempted to lift the tensor ®
from ¢ in the obvious way: (C @ €), = €, ® C,. However, since ® need not preserve finite
limits, we cannot expect that defining (C & €), = €, ® C;and (€ ® (), = C, ® C, results
in C @ C being an internal category. To show what goes wrong in a concrete instance, see

the next example.

“For a definition of an internal category, see app. B
>In the type signature of @, Cat(t*) deonotes the category of small internal categories
®In this case, we have € = nF.
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Example 7.4. Following on from the previous example, given (Nom, 1, *), we define a
binary operation nf @ nF as (nf @ nF), = nF, = nF  and (nF @ nF), = nF, = nf,.
assume for a contradiction that there was an appropriate pullback (nF © ,n,[E)Z and

arrow comp such that the two diagrams commute:

(nF © nF), comp nF, « nF,
T M dom | cod
nfF, = nfF dom nfF_*nfF

Let 6Xy : {x} — {y} be the unique function in nF of type {x} - {y}. Then
(6,0 6,4 (6,,,6,,)), which can be depicted as

éac cb
{a} —— {c} ——{b}

{b} . {d} = {a}

is in the pullback (nF @ nF),, but there is no comp such that the two squares above

commute, since comp((6_, 5, ,), (6 )) would have to be (6 But since 6,

6 6, ).
cb' “da ab’ “ba
and 6, do not have disjoint support (since supp(6_,) = supp(5,,) = {a, b}), this set

cannot be in nF, = nF.. O

The solution to the problem consists in assuming that the given symmetric monoidal cate-
gory with finite limits (¢ 1, ®) is semi-cartesian (aka affine), that is, the unit 1 is the terminal

object. In such a category there are canonical arrows natural in A and B
j:A®B > AxB

and we can use them to define arrows j1 1 (€ o (), — C, =xC, thatgive us the right notion
of tensor on arrows. We now turn this into a category theoretic definition, which is in fact
an instance of the general and well-known construction of pulling back an internal category
C along an arrowj : X - C,- This construction yields an internal category X with X, = X
and X, the pullback of (domc,codc) along j = j, or, equivalently, the limit in the following

diagram
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which we abbreviate to

Ja

X1 ([1
dom, J Jcodx dom, l lcodC (71)
XO ; (1:0

Next we definei : X, = X, as the arrow into the limit X, given by

(7.2)

from which one reads off

domX oly= |dXo = codX oy
Next, X, is the pullback
XZ
V T,
X1 X1
W\
X

Recalling the definition ofj1 from (7.1), there is also a corresponding j2 : X, » C,dueto

the fact that the product of pullbacks is a pullback of products.




Recall the definition of the limit X, from (71). Then comp, : X, — X, is the arrow into X,

2

compoj,

1 (7.4)

from which one reads off

dom, o comp, = dom, o 1,

cod, o comp, = cod, o M, ,

j, o comp, = comp_o j,

and the remaining equations comp, o (i, o dom,, idx1) = idX1 = comp, o (idx1,iX ocod,) are

also not difficult to prove.

Finally, by analogy with the definition ofj2 in (7.3), j3 is defined as the unique arrow into the

pullback C;, where X, is defined in the expected way:

(7.5)

The equation comp o compl = comp o compr will be shown in prop. 7.7.
This ends the definition of X as an internal category.

Note. The notion of an internal category pulled back along some j has been formalised

in the Lean theorem prover, with the proofs available on github’.

To prove the next propositions, we will need the following lemma, which can be skipped for
now. Itis a consequence of the general fact that the isomorphism [Z, CI(K,, D) = C(A, lim D),

defining limits, is natural in A and D.

"https://github.com/goodlyrottenapple/lean-internal-cats
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Lemma 7.5. If in the diagram

f, and f; are cones commuting with j, and k, that is, if

cod, o f, = dom, o f, (7.6)
cod_ o f, =dom o f (7.7)
j1°f,'=fi,°k (78)

and h, h" are the respective unique arrows into the pullbacks, then also
h' ok = j2 oh
holds.

Proof. It suffices to calculate
mgoh ok=fiok=jjofi=jomoh=mg oj,oh

This impliesh’ o k = j, © h, due to the uniqueness of arrows into a limit. In full detail,
we have:

m.oh ok=f ok
which follow from the factthat h” is the unique arrow into a pullback, therefore nﬁoh' =
f

fiok=j of,

follow from (7.8),

jyofi=jjem;oh
follow from the fact that h is the unique arrow into a pullback, therefore M © h = f’.,

and finally

jyomgoh=mgoj,oh

which follow due to the equations j1 om. =M. o jz, which can be read off from the
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definition of j,, given in (7.3).

Proposition 7.6. comp, o (i, o dom,,id, ) = id, = comp, o (id, ,i
1 1 1

) codx).

Proof. We show the first equality comp, o (i, o dom,,id, ) = id, . According to the
1 1

definition of the limit X,

71 ocompxo(ixodomx,idx1 )

codxocompxo(ixodomx,idx1) ............. > X \ C

dom,‘ccompxc:(:',‘twdom,‘,idx1 )

N‘Xl lcodx domcl lCOdC
\» XO ; G:O

it suffices to show

dom, o comp, o (lX o dom,, |dx1) = dom,
cod, o comp, o (i, o dom,, |dx1) = cod,

j,  comp, o (iy o dom,, id, ) = ,

The first two equalities follow from (7.4), namely domX o comp, = domX om, and

cod, o comp, = cod, o m .
dom, o comp, o (i, o dom,, |dx1) =dom, om o (i, o dom,, |dx1)
= dom, o i, o dom,
= |dXO o dom,

= domX

cod, o comp, o (i, o dom,, idx1) = cod, o o (i, o dom,, idx1)
= cod, o idx1

= codX
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j; © comp, o (i, o dom,, idx1) = comp, o j, o (i, o dom,, idx1)
= comp_ o (i o dom, |d¢1) °J,

=,

In the last equation, we have j, o comp, = comp_ o j, by definition of comp, see (7.4).

To prove j2 ° (ix o dom,, idX Y= (ic o dom,, idt ) oj1, we instantiate lem. 7.5 with:
1 1

k=j,

f, =iy o dom, f1' = iC ) domC

f, = idx1 f, = 'dc1

h = (i, o dom,, idx1) h" = (i o dom, id[1)

Instantiating the equations (7.6)-(7.8) with the data above, we need to show:
cod, o i, o dom, = dom, o |dx1

codC oi o domt = dom<E o |ch1

J leodomx =g odom(on1

j1 ° idX1 idC1 °j1

The first two equations follow from ced, o i, = id, andcod o i_=id_, see (7.2). The
0

0
third follows from (7.2) and (7.1):

jyoiyodomg =i ojodom,

i o domC °J,

and the last equality is trivial.

Now, for the other equality, comp, o (id o cod,) = id, . Again we need to show
1

i
X" X

dom, o comp, o (id, ,i, o cod,) = dom,

X1’ ’X
cod, o comp, o (idx1, iy o cod,) = cod,
J; © comp, o (id

x," x © cod,) = J,

The first two equalities follow from (74), namely dom, o comp, = dom, o m,, and
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cod, o comp, = cod, o .

dom, o comp, o (|dX viy o cod,) =dom, o, o (|dX v1y o cod,)
= dom, o 'dx1
= dom,

cod, o comp, o (|dX viy o cod,) = cod, o, o (|dX +iy o cod,)

= codX oiyo codX

= |dXO ) codX

= codX

j; © comp, o (idx1, iy ocod,)=comp_oj, o (idx1,iX o cod,)

= comp,_ o (ldC yicocod.)oj,

=j1

To provej2 o(id, ,i o cod ) = (id

X, Iy ° codc) o j,, we use lem. 7.5, checking:

C ! C
codX ) |dX1 = domX ofyo codx
codC o |dC1 = domC oico codt

jyoiyocod =i ocod. o],

Jyoidy = |dC1 °J,

1 1

where the first two equations follow from dom, o i, = id, and dom_oi_=id_, see

X, c°'c ¢’
(7.2) and the third follows from (7.2) and (7.1):

jyoiyocod =i_ojocod,

=i ocod¢011

and the last equality is, again, trivial.

Proposition 7.7. comp, o compl, = comp, o compr,

Proof. To show that composition is associative, we need to recall the definition of
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compl and compr from def. B.1, which leads us to consider

j, ocomp, ocompl,

7 ocompxocomprx\

................. > x1 ’ C1
XI ICOdX domcl lcodc
X, j {0

dom, ocomp, ocom

To show comp, o complX = comp, o compr, it suffices to show

dom, o comp, o compl, = dom, o comp, o compr,
cod, o comp, o compl, = cod, o comp, o compr,

j; © comp, o compl, = j, o comp, o compr,

For the first, we calculate

dom, o comp, o compl, = dom, o 1, . o compl, dom, o comp, = dom, om
= dom, o comp, o left, Def of compl
= dom o m o left, dom, o comp, = dom, o1,
= dom, o m, o compr, Def of compr

= dom, o comp, o compr, dom, o comp, = dom, o,

X

and the second is similar:

cod, o comp, o compl, = cod, o 1, o compl, cod, o comp, = cod, o m,,

cod, o 1, o right, Def of compl

cod, o comp, o right, cod, o comp, =cod, om,

cod, o m , o compr, Def of compr

cod, o comp, o compr, cod, o comp, = cod, o,

The third, proceeding as in the proof of prop. 7.6, follows once we establish that the

following commute:

j, o compl, = compl_o j, (79)

j, © compr, = compr_o |, (710)

But these two equations are again instances of lem. 7.5.
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X - C

3 3
Aorﬁp \ Aorﬁp%\

L
comp,oleft, My, oright, R compoleft, H M, oright,

Instantiating the diagram for the first equation, we only have to check that j, o comp, o
left, = comp_oleft_oj, andj, om,, oright, = m_, oright_oj,, as the other equations

follow from the respective definitions of compl, and compl,.

j, o comp, o left, = comp_o j, o left, By (7.4)
= comp o left_ o j, By (7.5)
jyom,, oright =m_ oj, oright By (7.3)
=T, o right_oj, By (7.5)

The proof of (710) follows in the same fashion.
Having proven equations (7.9) and (7.10), we show the final equality:

j, © comp, o compl, = comp_ o j, o compl,
= comp_ o compl, o j,
= comp_ o compr, o j,
= comp, o j, o compr,

= j, o comp, o compr,

We have shown that composition is associative.

O

We have seen that the pullback of an internal category C along an arrow j with codomain

C, is an internal category:
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Proposition 7.8. Given an internal category C and an arrowj : X — C, there is an

internal category X and an internal functor j : X —» Csuch that X, = X and j, = j.

Moreover, this internal category X, or rather j : X = C, has a universal property known as a

cartesian lifting. To make this precise, we recall the notion of a fibred category, or fibration.
Definition 7.9. [Fibration [58, 59]]
If P : wr— 1 is afunctor, thenj : X = Yis a cartesian lifting of j : X = PY (where

j=Pj)ifforallk : W - Yandallh : PW - X with Pk = j o h there is a unique
h:W - Xsuchthatjoh =LkandPh = h.

X—j»PY

Moreover, P : WY — 1 is called a (Grothendieck) fibration if allj : X — PY have a
cartesian lifting forall Y in w If P : W — ¥ is a fibration, the subcategory of W} that

has as arrows the arrows f such that Pf = id, is called the fibre over Y.
The next lemma is a strengthening of prop. 7.8.

Lemma 7.10. Let U be a category with finite limits. The forgetful functor Cat(¢*) —» v

Is a fibration.

Proof. We have already shown how to liftj : X — ¢, toj : X » C. One can show
that this is a cartesian lifting by drawing out the appropriate diagram. Namely, we
have the forgetful functor (-), : Cat(¢?) — ¥, which sends an internal category to its
“object of objects”, an internal category X, Y and an internal functor j between them.
Given another internal category W and an internal functor k : W — Y and an arrow
h: W, = Y, st Ik0 = jjo o h, we show thereis a unique h, st. k = jo h. This essentially

means we need to fill in the following diagram, such that all sub-diagrams commute:
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We obtain I, in a similar fashion, thus getting a unique h = (h_, h_, h), for which we

have k = j o h.
O

Instantiating lem. 710 with € x D € Cat(¢) for Yandj : C; ® Dy —» € x D, forj : X, = Y,
gives us the desired result from the beginning of this section, namely that the tensor ® in
a symmetric monoidal category (¥, 1, ®) can be lifted to a tensor @: Cat(t?) x Cat(t?) —»
Cat(v):

Corollary 7.11. The arrow j : ¢, ® D, » C, x D, lifts to a morphism of internal

categories j : C @ D — C x D. Moreover, j is the cartesian lifting of j.

To show that this construction is functorial we need to use that ®: Ux ¥ —» ¥ is functorial
and thatj : ¢, ® D, » €, x D, is natural in € and D. In order to lift such natural

<Cat()

transformations, which are arrows in the functor category pu) , we use

Lemma712. If P : W — s a fibration and @ is a category, then P% : 1% - v%is
a fibration.

Proof. P is defined via post-composition with P, that is, PG(G) = PoG = PGand
PYn : 6 - H) = Pn.

To show that P%is a fibration, i.ethatallj : G - PH have a cartesian lifting j : G - H,
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we lift j pointwise, using the fact that for allj, : GA — PHA we have
j, : GA > HA

due to P being a fibration. It remains to check that j is a cartesian lifting, that is, given
natural transformations k : F - H and h : PF — G, such that Pk = Pj o h, there is a

unique h, st. the following diagrams commute:

G,=P,,>P|H]
J=F)

Since k, j and h are natural transformations, i.e a family of morphisms, forany A, B €

and f : A - B, we have:

Ff

FA——FB

JH«A HQBJ
Hf

HA —— > HB

Y

GA———GB

As P is a fibration, we obtain unique h, and h, for the left and right sub-diagrams
above, st. Ph, = h, and Ph, = h,, thus obtaining a unique natural transformation h,

for which k = h o j.
O

Instantiating the lemma with P = (=), : Cat(¥) » ¥* and d = Cat(¥%) x Cat(¢%), we obtain
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as a corollary that lifting the tensor ®: U9x U0 - 1 to @: Cat(??) x Cat(t?) —» Cat(??) is

functorial:

Theorem 713. Let (U;1,®) be a (symmetric) monoidal category with finite limits in
which the monoidal unit is the terminal object. Let U : Cat(t?) — 1 be the forgetful
functor from categories internal in U+ Then the canonical arrowj : (,®Dh, »C, <D,
lifts to a natural transformationj : € @ D — C x D. Moreover, (Cat(t?), [, @) inher-
its from (U; 1, ®) the structure of a (symmetric) monoidal category with finite limits in

which the monoidal unit is the terminal object.

Proof. Let
G : Cat(¥) x Cat(t?) » Cat(t?) F:UxU-> v F : Cat(t?) x Cat(v?) — Cat(t})

G(A,B) = AxB FX,Y)=X®Y FA,B)=A © B

andj : FU - UG the associated natural transformation. We also have, by definition,
that FU = UF, namely for all A, B we have A; ® B, = (A @ B),. Therefore, j liftsto a
natural transformation j : F — G where j is a cartesian lifting of j by lem. 712. As a

direct consquence, F must be a functor.

n this work we only need internal monoidal categories that are strict. In the same Wag]as
a strict monoidal category is a monoid in (Cat, 1, x), an internal strict monoidal category is

a monoid in (Cat(t?), I, @):

Definition 7.14. [Internal monoidal category]

Let (U 1, ®) be a symmetric monoidal category with finite limits in which the monoidal
unit is the terminal object and let (Cat(t?), I, ®) be the induced symmetric monoidal
category of internal categories in t% A strict internal monoidal category C is @ monoid

(C, D, ) in (Cat(th), I, ®).

Remark 7.15. It may be useful to recap and catalogue the different tensors. The
first one is the cartesian product x of categories, with the help of which we define a
monoidal product ® on a particular categery t¥and then lift it to a monoidal product
© on the category of categories internal in ¢% This then allows us to define on an

internal category C a tensor e, which we also call an internal tensor:

®: UxUV-> U
©: Cat(?") x Cat(v") —» Cat(t})
e:ColC-C
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Example 7.16. Picking up ex. 7.3 again, for the category nF of finite sets of names and
functions, we choose the empty set for @ and for the internal tensor @ = v, the union
of disjoint sets on objects and, on arrows, the union of functions with both disjoint

domains and disjoint codomains.

Remark 7.17. In the classical case where ¢¥= Cat and both ® and @ are the cartesian
product, the interchange law for e follows from e being a functor. In the same way,
in our more general situation, the interchange law for e states that e is an internal
functor (B.2)

mecgiﬂﬁhmomh

.| R

C, ———¢C

2 comp 1

Example 718. In the category (nF, @, w) of finite sets of names and functions, see ex. 7.3,

we have the interchange law
(Twgh(f wg) = () v (gg)

with the right-hand side being defined whenever the left-hand side is.

7.3 Examples

Before we give a formal definition of nominal PROPs and nominal monoidal theories (NMTs)

in the next section, we present as examples those NMTs that correspond to the SMTs of

fig. 7.3. The significant differences between fig. 7.3 and fig. 7.4 are that wires now carry labels

and that there is a new generator 4 b which allows us to change the label of a

wire. Moreover, in the nominal setting rules for wire crossings are not needed.

The example below lists presentations of nominal monoidal theories for the nominal

monoidal categories of finite sets and functions, injections, surjections, partial functions

and relations, respectively.

Example 7.19. The category of finite sets and
- bijections is presented by the empty signature and equations.

- injections is presented by 2, = {n, : @ — {a} | a € N}and E, = @. The

equations
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L

b

follow from those of fig. 7.8.

* surjectionsis presented by>_ = {u_, :{a,b} - {c} | a,b,c € M}and equations

abc

E are (p,, wid)op , =, ¢ ida) o P4, Presented graphically as

6

- functions has 2, = 5, uX_and equations E abx = Oab

; are E,UE_plus(id wn, )op

f

- partial functions has pr = Zf
E plusn,of =eandp,, o

u{f, : {a} » @ | a e M} and equations E,;are

f

abx © N, =1, @n,, shown below

- relations has 2, = pr u{f,,. :{a} - {b,c} | a,b,c € N} and equations E, are

Epf plus the following
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X

Theorem 7.20. The calculi of fig. 7.4 are sound and complete, that is, the categories

presented by these calculi are isomorphic to the categories of finite sets of names with

the respective maps.

(see e.g. Lafont [49]) and proceed by showing that each diagram f : A - B can be rewritten
to one in normal form, with the normal form being a direct syntactic representation of
the semantic function/relation represented by f. Such proofs for NMTs seem easier than
the corresponding proofs for SMTs due to the absence of wire crossings. For example, in
the case of bijections, it is immediate that, using the grey rules of fig. 7.4, every nominal
diagram rewrites to a normal form which is just a parallel composition of diagrams of the

form 4o b .

mantic category, we can transfer this result over to an NMT, which presents the nominal

version of this semantic category. For full details of this construction, see sec. 7.6.3.

7.4 Nominal monoidal theories and nominal PROPs

In this section, we introduce nominal PROPs as internal monoidal categories in nominal sets.
We first spell out the details of what that means in elementary terms and then discuss the

notion of diagrammatic a-equivalence.

7.41 Nominal monoidal theories

A nominal monoidal theory (2, E) is given by a set & of generators and a nominal set E of

equations. The set of nominal generators nZ is generated by the set X of ‘ordinary’ genera-

84



torsy : n - m, eachy, giving rise to a set of nominal generators [a)y(b] : A - B wherea,b
are unique lists of size n,m and whose underlying sets are A, B respectively. The nominal

generators nX are closed under permutations
m-[a)y(b] : m-A - m- B = [r(a))y{rn(b)]. (rr-def)

The set of nominal terms or nTrms is given by closing under the operations of fig. 7.5, which

should be compared with fig. 7.1.

y:m-nesx

[a)y(b] : A > B id, : {a} - {a} 6, : {a} — {b}
t:A—->B t:A > B t:A-> B s:B->C t:A->B
tut :AWA - BuB’ t;s:A->C (ab)t:(ab)-A— (ab)-B

Figure 7.5: NMT Terms

Every NMT freely generates a monoidal category internal in nominal sets by quotienting the

generated terms by equations in E, together with equations NMT:

- the equations that state that id and ; obey the laws of a category
- the equations stating that idQ) and ¥ are a monoid

- the equations of an internal monoidal category of fig. 7.6

- the equations of permutation actions of fig. 7.7

- the equations on the interaction of generators with bijections & of fig. 7.8°

tus=swt (NMT-comm)
(s;thw(u;v)=(swu); (twv) (NMT-ch)

Figure 7.6: NMT Equations of ¥

(ab)id, = id(a byx (a b)6xy = 6(a byx (@ by (ab)y=(ab)-y

(ab)(xwy) = (ab)xwu(ably (ab)(x ; y) =(ab)x; (ably

Figure 7.7: NMT Equations of the permutation actions

For terms to form a nominal set, we need equations between permutations to hold, along

with the equations of fig. 7.7 that specify how permutations act on terms.

8The main difference with the equations in fig. 7.2 is that the interchange law for w is required to hold only
if both sides are defined and that the two laws involving symmetries are replaced by the commutativity of w.
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(Saa = ida 6ab i 6bc = 60c
[a,..,a.,..,a )yb] : {a.}vwA > B
— ’ (NMT-left)
(6xa,. wid,);[a,, .., a;,..,a (bl =[a,, .., X, ..,a,_)y(b]
[a)y¢b,,...,b.,...,b ] : A —> Bu{b}
-0 J (NMT-right)

[@)(by, ., by, ., b, 15 (idy & 6 ) = [a)(b,, ., X, ., b, ]
Figure 7.8: NMT Equations of 6

All the equations presented in the figures above are routine, with the exception of the last
two, specifying the interaction of renamings 6 with the generators [a)y(b] € %, which we

also depict in diagrammatic form:

Instances of these rules can be seen in fig. 7.4, where they are distinguished by a striped

background.

7.42 Diagrammatic a-equivalence

The equations of fig. 7.7 and fig. 7.8 introduce a notion of diagrammatic a-equivalence, which

allows us to rename ‘internal’ names and to contract renamings.

Definition 7.21. Two terms of a nominal monoidal theory are a-equivalent if their

equality follows from the equations in fig. 7.7 and fig. 7.8.

Every permutation m of names gives rise to bijective functions m oA - mA] = {mr(a) |

a € A} = m-A Anysuch m,, as well as the inverse n:, are parallel compositions of 6,
. _ _‘] _

for suitable a,b € 7 In fact, we have m, = L-l_-JaeA S @Nd T, = L-ﬂaeA 6 ayar We may

therefore use the m, as abbreviations in terms.

Proposition 7.22. [ett : A — B beaterm of a nominal monoidal theory. The equations

infig. 7.7 and fig. 7.8 entail that m-t = m," ; t 5 m.

A—' B

[A] ——— nB]
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Proof. By induction on t:

- t=1id W.log we can assume we have the following two cases. Either = (a X)

orm=(xy):

- If m = (a x), then
(ax)id, =id =6 =6 _;6, =6_;id ;6 =m";id ;m

= If T =(xy), then
(xy)id, =id_ =id_;id_ ;id =6

: id ;6 =m:id :m
a a

aa ' Ta

- t= 6ab W.L.o.g. we can assume the following five cases for m:

m=(ax) orm=(bx) orm=(ax)(by) or m=(ab) or m=(xy)

- If m = (a x), then

. _ . . _ 1. .
(a X)6ab = 6xb = 6xa ! 6ab - 5xa ' 6ab ' 6bb - Tr{a} 4 6ab ! n{b}
- If T = (b x), then
. _ . . _ 1. .
(bX)8gp = gy =04 5 0, = 6405 O 3 By = Mgy 5 O 3 Ty
= If m = (a x)(b y), then
. - . . -1 . .
(@ x)(b y)6ab = 6xy = 6xb ! 6by - 6xa ! 6ab ! 6by - n{a} ! 6ab ! n{b}
- If T = (a b), then
H . _ . _ . . _ 1. .
(@b)o,, =6, =id, ; 6,0 =08y, 6y, =0,, 36,50, =M, 58, M,
- Ifm=(xy), then
. . _ 1. .
(x y)6ab = 60b = 6aa 4 6ab ! 6bb - n{a} ! 6ab ! n{b}

-t = [a)y(b] The equality m - t = (1TA)'1 ; t; my follows straightforwardly from
repeated application of (NMT-left) and (NMT-right). The only problematic case
arisesinthecasem = (xy)andt =[a,, ..., X, ..., ¥,... @ )y(b] (there is a symmetric

case with x, y on the right, which proceeds in exactly the same fashion):

y:fx yf#
X:y X:

In the diagrams above, # is a fresh variable that does not appear in t.

- t=sws ByIHwehaven-s=rr;\1 ;s;rrBandrr-s'=rr/;,1 ;'S ; My, We thus
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have:

m-(sws)=m-swm-s’

-1 -1 ’
=(m 5 s;m)u(m, ;s ;mg)

=(mem!); (s m)e(;s ;)

-1 -1 i
(M, wm,);(sws’); (myum,,)

= T[-1

AuwA’ , (S ¥s ) ] nBUB'

. t=u;vAgain,vvehavevT-u=1T/;1 ;u;nBandn-v=n

-1

s 3 VT, by IH. Then:

m-(U;v)=m-u;m-v

n
=
<
=

1
|
<
E-.

Where m, ; n; = idB follows from unpacking the definition of mand n™".

O

Corollary 7.23. Lett : A —» B be a term of a nominal monoidal theory. Modulo the

equations of fig. 7.7 and fig. 7.8, the support of t is A u B.

Proof. It follows from the proposition that suppt € A u B. For the converse, suppose
that there is x € Au B and a support S of t with x ¢ S € A u B. Choose a permutation
m that fixes S and maps x to some m(x) ¢ Au B. Then eitherm-A # Aorm-B # B,
hence m-t # t, contradicting that S is a support of t.

O

The last corollary shows that internal names are bound by sequential composition. Indeed,

in a composition A 5¢c3 B, the names in C\(A u B) do not appear in the support of t ; s.

7.4.3 Nominal PROPs

From the point of view of sec. 7.2, a nominal PROP, or nPROP for short, is an internal strict

monoidal category in (Nom, 1, *) that has finite sets of names as objects and at least all

and bijections. We spell this out in detail.

Definition 7.24. An nPROP (C, , 1) is a strict monoidal category internal in Nom, with
asetC, of ‘objects’ and a set C, of ‘arrows’, defined as follows. We write ; for the ‘se-

quential’ composition (in the diagrammatic order) and w for the ‘parallel’ or ‘monoidal’
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composition.
- Cis a category internal in Nom. That means:

- C,isthe (nominal) set of finite subsets of names 7 The support of a set
of names A is the set itself: suppA = A. The permutation action is given

bym-A=mn[A] ={n(a) | a € A}.

- C, contains at least all bijections (‘renamings’) m, : A— m-Aforallfinite
permutations m : 77 —» 7 and is closed under the operation mapping an
arrow f : A > Btom-f :m-A > m-Bdefinedasm-f = (nA)'1;f;rrB.

Such functions are referred to as finitely supported functions.

- dom, cod have the obvious definitions, taking f : A - B to A and B

respectively and i(A) = id,.
- € @ Cisthe separated-product-category internal in Nom, where:

- (C © (), is the separated product on objects €, = C; = {(A,B) € C, x C,

suppA n supp B = @}. The permutation action is given by m - (A, B)
(m- A, - B).

-(C o 0, ={f,9) € C, xC, | supp(dom f) n supp(domg) = @
supp(cod f) n supp(cod g)} is the subset of the cartesian product

€, x €, containing functions with disjoint support for their domains and
co-domains.

- dom, cod are defined point-wise, i.e. dom(f,g) = (dom f,domg) and
i(A,B) = (id,, id,).

- w:CO® C — Cisan internal functor in Nom, defined on objectsAwB =AuUB

and arrows fu, g=fug.
G is the unit to w and is defined as the empty set @.

Proof. Toshowthat Cisindeed an internal category, we have to check it satisfies def. B.1.

However, we first further define:

- C,as{(f,g) | cod f = domg}and m,m, as the obvious projections (these are
different from the permutation action m defined earlier).

- comp : C, —» C, isthe usual function composition comp(f,g) = f ; g (usually
written as g o f).

* G ={(f,g,h) | cod f = domg A cod g = dom h} where left(f, g, h) = (f, g) and
right(f, g, h) = (g, h).

- compl, compr : C, - C, where compl(f, g, h) = (f ; g, h) and compr(f, g, h) =
(f,g; h)
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Then, according to def. B, we need to show:

M
D
2

()

1

1) Since C, is defined as a pullback, the diagram m,

—

C
dom commutes
C

cod
_
1 0

()

by definition.
2) Forany (f,g) € C, we have

dom o comp(f, g) = dom(f ; g) = dom f = dom(.(f, g)) = dom o 1. (f, g)

and showing cod o comp = cod o m, follows in exactly the same manner.

3) We have forall A € ¢,

dom o i(A) = dom(i(A)) = domid, = A=id, A=codid = cod(i(A)) = cod o i(A)

0

4) Forallf : A - B e C, we have

comp o (i o dom, id_ }(f) = comp(i o dom(f),id. f) = comp(i(A), f)
=comp(id,, f)=id, ; f=f = idA1 f=1;id; = comp(f,id;) =

comp(f,i(B)) = comp(id{1 f,i o cod(f)) = comp o (id{1,i o cod)(f)
5) Finally, we have

comp o compl(f, g, h) = comp(compl(f, g, h)) = comp(f ; g, h)
=(f;9) ;h=f;(g;h)-=
comp(f, g ; h) = comp(compr(f, g, h)) = comp o compr(f, g, h)

Next, rather than check that C @ C is also an internal category, we can refer back
to prop. 7.8, which tells us that given an arroww : €, » €; - C;, we get a lifted
w:C@ C - Csuchthat C @ Cis an internal category and ¥ is an internal functor.
All we need to check is that our definitions of (C @ €), and v, make the following limit

diagram commute:

(Co 0, C,
doml lcod doml lcod
(€ o 0), S C,

Thatis, forany f : A - Bandg : C - D where supp(dom f) n supp(domg) =
supp(cod f) n supp(cod g) = @, we have

wodom(f, g) = dom f wdom g = AwC = AuC = dom(fug) = dom(f v, g) = domou, (f, g)
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The case for cod follows in exactly the same manner.

Finally, we have to show that v is associative

fe(gwh)=fu(guh)=(fug)uh=(fug)uwh
and has I as its left and right identity

luf=Quf=f=fud="Fful

From this definition on can deduce the following.

Remark 7.25.
- Anominal PROP has a nominal set of objects and a nominal set of arrows.

- The support of an object A is A and the support ofan arrow f : A » BisAuB.
In particular, supp (f;g) = dom f u cod g. In other words, nominal PROPs have

diagrammatic a equivalence.

- There is a category nPROP that consists of nominal PROPs together with functors

that are the identity on objects and strict monoidal and equivariant.

- Every NMT presents a nPROP. Conversely, every nPROP is presented by at least

one NMT given by all terms as generators and all equations as equations.

7.5 Equivalence of nominal and ordinary PROPs

We show that the categories nPROP and PROP are equivalent.

To define translations between ordinary and nominal monoidal theories we introduce some
auxiliary notation. We denote lists that contain each letter at most once by bold letters. If
a=[a,..alisalist thena = {a,..a } Given lists @ and a’ with @ = @’ we abbreviate
bijections in PROP (also called symmetries), mapping i +~ j whenever a. = a}f, as (aja’).

Given lists @ and b of the same length we write [a|b] = Lﬂ 6a'b' for the bijection a, b’. in

Proposition 7.26. For any PROP S, there is an nPROP
NOM(S)

that has for allarrows f : n — mof S, and for all listsa = [a1,... an] and b = [b1, bm]
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arrows [a)f(b] € NOM(S). These arrows are subject to the following equations:

[@)f ; g{c] = [a)f(b] ; [b)g(c] (NOM-1)
[a+c)f @ g(b+d] = [a)f(b] v [c)g(d] (NOM-2)
[a)id(b] = [a|b] (NOM-3)

[a){b|b) ; f(c] = [a|b] ; [b'}f{c] (NOM-4)
[a) f ; (blb’)(c] = [a)f(b]; [b'|c] (NOM-5)

Proof. To show that NOM(S) is well-defined, we need to check that the equations of
S are respected. We only have space here for the most interesting case which is the
naturality of symmetries given by the last equation in fig. 7.2. We write @” for a list of

a's of length m.

[a"+a”)(t ® id ) ; o (b7 +b"]

= ([a™) t(x" v [a?)id, (x]) ; [X"#X7) 0, (b7 #b"] (NOM-1,2)
= ([a*)id (x*]w[a™)t(x"]) ; [x" #x7) 0., (b”+b"] (NMT-comm)
=[a*+a")id @ t(x*+x"] ; [x"+x) O, (b*+b"] (NOM-2)
=[a*+a")id @ t{(x*+x"]; [x"+x°) (x" +x°|x*#x") (b* +b"] (0-def)
=[a*+a")id, ® t(x*+x"]; [x" #x°|x" #x°] ; [x*#x"|b*#b"] (41-2)
=[a®#a")id, ® t (x*+x"] ; [x*+x"|b" +b"] (6,, = id,)
=[a*+a")id ® t(b*+b"] (NOM-5)
=[a"+a’|a" +a’] ; [a*+a")id, ® t(b°+b"] (6,, = id,)
= [a"+a’)(a" +a’|a’+a") ; (id, ® t) (b*+b"] (NOM-4)
- [a"wa) o, , ; (id, ® 1) (b +b"] (o-def)

Note how commutativity of wis used to show that naturality of symmetries is respected.
O

Example 7.27. nF is isomorphic to NOM(F).

composing with @ : A — n and post-composing with b' :m - B wheredisa
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bijection between the underlying set of @ and n, given by the ordering of the list a.
Therefore, we have [a)f(b]<a ; f ; b™".

G is defined on the free nPROP generated by {[a)f(b] | f € F}. In particular, G is a

homomorphism:

G([a|b]) = [a]|b]
G(f ; 9) = G(f) ; G(g)
G(f v g) = G(f) v G(g)

We show G is well defined, that is, it respects the equations of NOM, namely f = g in
NOM(F) implies G(f) = G(g) in nF:

G(la)f ; g(c]) = [a)f ; g{c]
=d;f;g;¢"
=d;f;b";b;g;¢&

[a)f{b] ; [b)g{cl]

= G([a)f(b]) ; G([b)g(c])

= G([a)f(b] ; [b)g(c])

G(la+c)f ® g(b+d]) = [a+c)f ® g{b+d]
-a%c; (f@®g); bd
=@;f;bu@;g;d")
= [a)f{b] v [c)g(d]
= G([a)f(b]) v G([c)g(d])
= G([a)f(b] v [c)g(d])

We justify the third equation in the above proof
akc;f@g;bwd =(@;f;be@;g;d")

wheref :n—-> m,g:0 - pand|a| =n,|c| =0, |b] =m, |d| = p, with the following

argument. Recall that f w g is just the set union of the two functions f u g and that
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f @ gisdefinedforf:n - mandg: o — pinthe following way:

f(R) ifk<n
f@g(r)-=
g(k - n)+m otherwise

Its also easy enough to see that we have:

a(x) if x € set(a) a'(R) ifk < |al

a=b (k) -

axb(x)=1{_ )
b(x) + |a| otherwise b (k- |a]) otherwise

Then, given an x we have two cases:

- x € set(a). Then we have:

aic;f@g;bed (\)=f®g;bwd (ahc(x)
-f®g;bad (@)
= bwd (f ® g (@(x)))
- bad (F@()))

b (f(d(x)))

=d; f;b7(x)

- X € set(c). Then we have:

aic;f@g;bad (x)=f@g;bad (aic(x)
-f®g;bad (Ex)+lal)
=bwd (f ® g(€(x) + |a]))
- bad (g(Ex) + |a] - |a]) + |b])
= d"'(g(é(x)) + |b| - |b])
=¢;f;d'(x)

Thus we can conclude that
aic;fog;bwd ()=@;f;b"uE;g;d X
for any x, from which the original proposition follows.

Having shown

G(la+c)f ® g(b+d]) = [a+c)f ® g{b+d] = G([a)f(b] v [c)g(d])
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we have to show that the last three equations in NOM are respected by G:

G([a)id(b]) = [a)id{b] = & ; id ; b = [alb] = G([a|b])

G([a)Xb|b') ; f(c]) = [aXb|b’) ; f{c]
d@;lby; f;é’

=3 -

;b b f
=lalb]; b ; f; &
= [a|b] ; [b')f{c]
= G([a|b]) ; G([b)f{c])
= G([a|b] ; [b")f(c])

Q

5-1
c
]

This concludes the proof that G is a well defined function.

H(f) = [a){alf[b)b]

forf : A > Banda,bst set(a) = A and set(b) = B.

Similarly to G, the semantic brackets {-] - [-) translate the arrow f € nF into an arrow
in F, defined as (alf[b) £'d™" ; f ; b.

We show that H is a homomorphism:

Forf : A—> Bandg: B — C,we have:

H(f ; g) = [aXalf ; gleXel
=layd"'; f;g;écl
=[@d";f;b;b";g; &
=[a)d" ; f; b(b] ; [bYp™" ; g ; éc]
= [a)(alf[b)(b] ; [b)(blglc)c]
= H(f) ; H(g)
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Forf:A—>B,g:C—-> D X=AuCandY =BuD we have:

H(f @ g) = [x}(XIf @ gly)y]
=[x (feg); Wyl
=% (@ué); @ we"); (fug);(bud); (B ud); ¥yl
=% @wé); (@ fibuE ;5 g;d); (b wd"); ¥yl
= [x)xla=c); (@ ; f; D)u (€ ; g;d); (b+dly)y]
=[awc)@" ; f;b)u (@’ ; g; dybwd]
= [a+c)(alfIb) v (clgld)b+d]
= [a)(alf[b)(b] v [c)(cIgld)(d]
= H(f) v H(g)

H(lalb]) = [a'}(a']la|b][b’)b']
=[a)a"" ;[alb] ; b (b']
=[a)a" ;a;b"; b (b]
= [a'Xa’|a) ; (b|b'}(b']
= [@)id(b] = [a|b]

Having shown H is a homomorphism, we finally show that G and H are isomorphisms.

G o H(f) = G(la)alf[b)b]) = [a){alfIb)bl =d ;" ; f; b ;b=

H o G ([a)f(b]) = H([a)f{b])
= [a"){a'][a)f{bI[b")b']
=[a'Xa'la) ; f ; (bIb'Xb] = [a)f(b]

Remark 7.28. The argument in the example above can easily be adapted to the cate-

gories of injections nl, surjections n$, bijections nB, partial functions nP and relations

in all the other instances, since the equational reasoning above only requires bijective

arrows/functions to be present in a given category.
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Proposition 7.29. For any nPROP T there is a PROP

ORD(T)

that has for all arrows f : A — B of T, and for all lists a = la,,..a, ]and b= [b,,..b,]

arrows (a]f[b). These arrows are subject to the equations below:

(alf ; glc) =(al f[b) ; (b]g[c) (ORD-1)

(a;+a ]fuvglb.+b)=(a]f[b;)®(alglb) (ORD-2)
(alid[a) = id (ORD-3)

(al[a’|b] ; f[c) ={ala’) ; (b] f [c) (ORD-4)

(al f ; [blcllc’) = (al f [b) ; {c|c’) (ORD-5)
(alf[b) =(m-a]m- f[m-b) (ORD-6)

Proof. To show that ORD is well-defined we need to show that the equations NMT are
respected. The most interesting case here is the commutativity of w since the @ of

SMTs is not commutative.

(at*as]w s[bt*bs)

=(a,]t[b,) ® (a]s[b) (ORD-2)
=(a]tb) ; id), ) @ (id, | ; {a]s[b) (id;a=a=a;id)
=(@]tlb) ®id, ) ; (id), | ®(a]s[b) (SMT-ch)
=((@)tb) @ idy, ) i 0y 10\ i Oy s ¢ (idy, (@ ]sb) (SMT-sym)
=Oa e, + (g @(@]tlb)) 5 0, i (id),, ®(a]sb)) (SMT-nat)
=Og 110, ¢ (dg, @ (a]tlb)) ; (a]slb)@idy ) o (SMT-nat)
=0q 10, + ((d)g ) i (a]s[b) @ (a]t[b) ; idy, )i 0,4, (SMT-ch)
=Olg | a,| i (a.+a]svt[b +b,) ; b, 11b,| (id ; a = a,0RD-2)
=(a,+a_la_+a) ; (a+a]swt[b «b) ; (b_+b b +b) (o-def)
=(at*as][as*at|as++at] ; Swt [bs*bt|bs*bt][bt*bs) (ORD-4,5)
={a,#a]suvt[b+b) (6,, = id.)

Note how naturality of symmetries is used to show that the definition of ORD respects

commutativity of w.
O
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Example 7.30. [ is isomorphic to ORD(nF).

Proof. We define a map G : ORD(nF) — F as

G((a]f[b)) = {alf[b) where f : A > B

G is defined on the free PROP generated by {{a]f[b) | f € nF}. In particular, G is a

homomorphism:

G(o)=0
G(f 5 9) = G(f) ; G(9)
G(f ® g) = G(f) ® G(9)

We show G is well defined, that is, it respects the equations of ORD:

G({alf ; glc)) = {alf ; glc)

=d ;f;g;¢
| 271 >
=a ;f;b;b ;g;c

= {alf[b) ; (blglc)
= G((alf[b)) ; G({blglc))
= G({(alfIb) ; (blglc))

G((a+c]f v g[b+d)) = [axc)f v g(b+d]
=a#c';(fug); bsd
=@';f;be@E ;g;d
= (alf[b) ® (clgld)
= G((alf[b)) ® G({clg[d))
= G((alf[b) @ (clg[d))

G({(alid[a)) = (alid[ay =" ; id ; @ = id = G(id)
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G((alla’|b] ; flc)) = (alla’|b] ; flc)

=a"';[a|b];f;¢

@' ;a;b';f;é
=(alby; b ; f; ¢
=(a|b) ; {blflc)

= G({a|b)) ; G({b]f[c))
= G({(a|b) ; (b]f[c))

This concludes the proof that G is a well defined function.

H(f) = (alla)f(b][b)

showing that it is a homomorphism:

H(f ; g) = (alla)f ; g{cllc)
=(ald; f;g;é"'c)
=(ala; f;b";b;q;éc
=(ald ; f; b'[b); (blb; g ; €[c)
= (al[a)f(bIb) ; (bl[bYg{cllc)
= H(f) ; H(g)
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H(f @ g) = (xIIX)f ® g(ylly)
=K (F@9); ¥y
=(xJk; (@' wé); @ué); (f@g); (b wd"); (bud);y'ly)
=(xlk; (@ wé");(@; fb @@€5 9;d7); (bud) ;]
= (x]ixlawc]; (@; f; D)@ (€;9;d"); (bxdly)y]
=(awcl@; f; b") @ (€; g;d")bwd)
= (a+c][a)f(b] v [c)g(d][b+d)
= (a][a)f(bI[b) v (c][c)g{d][d)
= H(f) ® H(g)

For the identity and g, it is trivial to see that H is a homomorphism.

Having shown H is a homomorphism, we now show that G and H are isomorphisms.

G o H(f) = G({alla)f(bl[b)) = (alla)f(bllby =a"' ;é; f;b;b" =f

H o G ((alf[b}) = H({alf[b))
= (cllc){alf[b){d][d)
= (cllcla] ; f ; [bld][d) = (a]f[b)

Remark 7.31. In a similar vein, we can show that injections [, surjections $, bijections

etc.

Lemma 7.32. The following equations can be derived from the ones defined in prop. 7.26

and prop. 7.29:

[a) f ; (bIb") ; g{c]=1[a)f(b]; [b)g(c] (1)
[a)(b|b’){c] = [a|b] ; [b'|c] (41-2)
(alf ; [blc] ; gld) = (a] f [b) ; (c]g [d) (41-3)
(a][a’|b’][b) = (ala’) ; (b"|b) (41-4)
(a]la) f (b][b) = {cl[c) f (d][d) (41-5)
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Proof.

[a)f ; (b|b") ; g{c] =[a)f ; (b|b")(b] ; [b')g(c] (NOM-1)
=[a)f(b] ; [b'|b'] ; [b')g(c] (NOM-5)
=[a)f(b] ; [b')g(c] (6,, =1id,)

(alf ; [blc]; gld)=(alf ; [blcllc) ; (c]lgld) (ORD-1)
=(a] f[b) ; (clc) ; (c]lgld) (ORD-5)

=(alf[b) ; (clg[d)

The choice of a, b is arbitrary, because we can prove that for any other choice ¢, d, we

have (a][a) f (b][b) = {(c][c) f (d][d):

(ala) f (b][b) = (a]([a)c|c) ; f ; (d|d)(b])[b) (id;a=a=a;id)

= (a]([alc] ; [c} f ; (d|d)(b])[b) (NOM-4)
= (ala) ; (cl([c) f ; (d|d)(b])[b) (ORD-4)
= (cl([c) f ; (d|d) (b] )[b) (id;a=a=a;id)
= (c([c) f (d] ; [d|b])[b) (NOM-5)
= (c] [c) f(d] [d) ; (b]b) (ORD-5)
= (c]lc) f (d][d) (id;a=a=a;id)

O

Remark 7.33. While technically [a) f (b] is just an operation symbol, the intended
meaning is that {(a] is mapping the index i to the name a, and that [a) is mapping the

name a; to the index i.

Proposition 7.34. NOM : PROP — nPROP is a functor mapping an arrow of PROPs
F : 8 - Stoan arrow of nPROPs NOM(F) : NOM(S) —» NOM(S) defined by

NOM(F)([a) g (b]) = [a) Fg (b]. (NOM-F)

Proof. We need to show that NOM(F) is equivariant and preserves bijections, sequen-

tial and parallel composition.
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1 - NOM(F)([a)f(b]) = 1 - [@)F f(b] (NOM-F)

= [n(a))F f(r(b)] (-def)
= NOM(F)([r(a))f(m(b)]) (NOM-F)
= NOM(F)(rr - [a)f(b]) (mr-def)
NOM(F)([c|c']) = NOM(F)([c)id(c']) (NOM-3)
= [e)Fid{c’] (NOM-F)
= [e)id(c’] (Fid = id)
= [clc] (NOM-3)
NOM(F)([a)f(c] ; [c")g(b]) = NOM(F)([a)f ; {(c|c’) ; g{b]) (41-1)
= [a)F(f ; {clc’) ; g)b] (NOM-F)
= [a)Ff ; F(clc') ; Fg(b] (F(a; b) = Fa ; Fb)
= [a)Ff ; {clc’) ; Fg(b] (Fo = o)
= [a)Ff(c] ; [c")Fg(b] (41-1)
= NOM(F)([a)f{(c]) ; NOM(F)([c")g{b]) (NOM-F)
NOM(F)([a)f(b] v [c)g(d]) = NOM(F)([a+c)f ® g(b+d]) (NOM-2)
= [a+c)F(f ® gXb+d] (NOM-F)
= [a+c)Ff ® Fg(b+d] (F(a® b) = Fa ® Fb)
= [a)F f(b] v [c)Fg(d] (NOM-2)
= NOM(F)([a)f(b]) v NOM(F)([c)g{d]) (NOM-F)

O

arrow of PROPs ORD(F) : ORD(T) — ORD(T’) defined by
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ORD(F)({a] f [b)) = (a] Ff [b) (ORD-F)
Proof. We need to show that ORD(F) preserves bijections, sequential and parallel com-
position.
ORD(F)({c|c"}) = NOM(F)({c]id[c"}) (ORD-3)
= (c]Fid[c") (ORD-F)
= {clid[c") (Fid = id)
= {clc’) (ORD-3)
ORD(F)({(alf[c) ; (d1g[b)) = ORD(F)({alf ; [c|d] ; g[b}) (41-3)
= (a]F(f ; [c|d] ; g)[b) (ORD-F)
= (a]Ff ; Flc|d] ; Fg[b) (F(a; b) = Fa ; Fb)
= (alFf ; [cld] ; Fg[b) (F6 = 6)
= (a]F flc) ; (d]Fg[b) (41-3)
= ORD(F)({alflc)) ; ORD(F)((d]g[b)) (ORD-F)
ORD(F)((alf[b) ® (clg[d}) = ORD(F)({(a+c]f v g[b+d)) (ORD-2)
= (a+c]F(f v g)[b+d) (ORD-F)
= (a+c]Ff v Fg[b+d) (F(aw b) = Fa w Fb)
= (a]Ff[b) @ (c]Fg[d) (ORD-2)
= ORD(F)({(alf[b)) @ ORD(F)((c]gld}) (ORD-F)
O

The next proposition has a variation in which we take PROPs in the weaker sense of Lack
[60]. Then the unit 8 = ORD(NOM(S)) is not an iso. To see where we need to be careful,
the next example illustrates how the commutativity of w in an nPROP translates into the

naturality of the symmetries in a PROP.

Example 7.36. [Commutativity of w translates to naturality of symmetries]
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If Sis a PROP in the sense of Lack [60] generated by a ‘lollipop”A : 0 — 1 then we can
show thatA @ id and (id ® A) ; o, , in S are sent to the same arrow in ORD(NOM(S)),
namely we can show (a][a)A @ id(b, c][b, c) = (alla)id ® A) ; o, (b, cI[b, c):

{(alla)A ® id(b, c][b, c) = {(a][)A{b] w [a)id{(c][b, c) (NOM-2)
= (a][a)id(c] w DA(b][b, c) (NMT-comm)
= (a][a)id ® A{c, b][b, c) (NOM-2)

= (a][a)id ® A{c, b] ; [b,c|b,c][b,c) (a=a;id, 6,, = ida)
= (a]la)(id ® A) ; {c, b|b, c){b, c][b, c) (NOM-5)
= {(alla)(id ® A) ; 01,1(b, c][b, c) (o-def)

which is an instance of (SMT-nat) and does not hold in S.

As we can see from the example, the naturality of symmetries in a PROP is necessary in

order to obtain that 8 - ORD(NOM(S)) is an iso in the next proposition.
Proposition 7.37. For each PROP S, there is an isomorphism of PROPs, natural in S,
A 8 — ORD(NOM(S))

mapping f € Sto (alla) f (b][b) for some choice of a, b.

Proof. We first show that A is a homomorphism, i.e. it preserves symmetries and the

two compositions. A must also preserve the equations of a PROP.

A((x|x’)) = (a] [a) (x|x") (] [b) (A-def)
= (al([alx] ; [x'|b])[b) (41-2)
= (ala) ; (x] [x|b] [b) (ORD-4)
= (x] [x|b] [b) (id;a=a=a;id)
= (x|x’) ; (b|b) (ORD-5)
= (x|x) (id;a=a=a;id)
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Mf®g)=(a,+alla+a)f ®g(b wb]b+b) (A-def, 41-5)

=(a,+a)([a,)f(b] u [a)g (b 1)b +b ) (NOM-2)
=(a,Jla)) fb]Ib,) ® {a]la)g (b IIb) (ORD-2)
= A(f) ® A(g) (a-de
A(f ; 9) = (al([a)f ; g{b])Ib) (a-den
- (al([@)f(c] ; [€)g(b] )Ib) (NOM-1)
- (alla) f (cllc) ; (clic) g (bIlb) (ORD-1)
= A(f) ; Ag) (a-de)

In the last step of the derivation above, we used the fact that we can arbitrarily choose

a,b in A which follows form the last equation of lem. 7.32.

To show that there is an isomorphism between 8 and ORD(NOM(S)), we define an
inverse to A:
I : ORD(NOM(S)) - S

mapping the (a'lla)f (b]lb’) € ORD(NOM(S)) generated by an f € § to
(a'la) ; f ; (b|b'), such thatthat Ao and T o A are identities.

However, in order for I to be well-defined, we also need to show that it is a homo-
morphism. Since a homomorphism between PROPs needs to preserve equations, the
equation (SMT-nat) in ORD(NOM(S)) must be derivable in 8. This is obviously impos-

sible for S a la Lack (see the example above). In the converse case we have:

F(ala’)) = F({a][a’|a’'][a’)) (id;a=a=a;id, 4-4)
= I({a]la’)id(a'][a’)) (NOM-3)
=(ala’) ; id ; (a'|a’) (T-def)
={ala’) (id;a=a=a;id)
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r(a,lla?)  (b)11b,) @ (alla,) g (b.1[b)

=T(a;+a ]([a;) f(b;] w [a)g(b;])[b;+b, ) (ORD-2)
=T(a;+a ]([a;+a))f ® g(b,+b ])b +b)) (NOM-2)
=(a,+a la«a) ; (f ®g); (b+b |b +b) (r-def)
=(a,la;) @ (agla))) ; (f @ g) ; (br|by) @ (b b))

=(agla) 5 f ; (bylb) @ ((ala)) ; g ; (b,lb))) (SMT-ch)
=(a ]la;) f (b]b,)) © T({a ]la,)g (b lIb)) (F-def)

M(alla’) f (b][b) ; (cllc’) g (d']ld)) = T({al([a’) f (b'] ; [blc] ; [c')g(d'])d") -3)
=T({al([a’)(f ; (b'|b) )] ; [c)g(d'])d)  (NOM-5)
=(al([a’) f ; (b'Ib) ; (clc’) ; g(d'])d)  (41-1)
=(ala’) ; f ; (b'|b) ; (clc’) ; g ; (d'|d)  (I-def)
= [(alla’) f (b'][b)) ; T((c]lc) g (d']ld)) (T-def)

Finally, we verify that Ao T = IdQRD(NQM(S)) andlFoA=ldg

A(r((alla’) f (b'](b))) = A({ala’) ; f ; (b'|b)) (T-def)
= (x]([x){ala’) ; f; (b'Ib) )y1)[y) (A-def)
= (x]([xla] ; [a'}(f ; (b'|b))y])[y) (NOM-4)
= (xIx) ; (al([a’)(f ; (b'Ib) )Xy1)ly) (ORD-4)
= (a]([a’)(f ; (b'|b) XyD)y) (id;a=a=a;id)
=(a)([a’) f (b'] ; [bly])ly) (NOM-5)
=(a] [a’) f (b'] [b) ; (yly) (ORD-5)

= (a]la’) f (b"][b)

F(A(f)) = T({a]([a)f(b])b))

=(ala) ; f ; (b|b)
=f
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Proposition 7.38. For each nPROP T, there is an isomorphism of nPROPs, natural in T,
NOM(ORD(T)) - T

mapping the [c)a] f [b)d] generated by an f : @ » bin T to [c|a] ; f ; [bld].

Proof. We define a converse A :T- NOM(ORD(T)) mapping f:a - b to
[aXa] f [b){b] for some choice of a, b.

We now verify that I (A (f)) = f for any f:

(8, (f)) = T (laXa] f [b)b]) (A,-def)

=[ala] ; f ; [b|b] (r,-def)

=f (id;a=a=a;id)

and

A (F ([eXa] f [bXd])) = A ([cla] ; £ ; [bld]) (F,-def)
= [e)((c]([cla] ; f ; [bld])ld) Xd] (A -def)
= [e)((clc) ; (al(f ; [bld])(d) )d] (ORD-4)
= [e)((al(f ; [bld])ld) Xd] (id;a=a=a;id)
= [c)((al f [b) ; (d|d))d] (ORD-5)
= [cXa] f [b)(d] (id;a=a=a;id)

We also show that A_and I preserve the two kinds of composition and symmetries:

8,(f 5 9) = [a)((@)f ; glb) Xb] (8,-de
- [a)((alflc) ; {clgIb) Xb] (0RD-)
- [a)al f[e)c] ; [c)c] g [b)b] (NoM-1)
=8,(f) ; B(0) (8,-de
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r.([cXal f [bXd] ; [d'Xel g [f)Xh]) =T ([cXalf[b) ; (dld’) ; (elg [f)h])

(ORD-1)

=T (eXal(f ; (bld)[d") ; (e]g [FXA])  (ORD-5)
=1 (eXal(f ; bld]; [d'le] ; g)IfyhD (41
= [clal; f ; [bld] ; [d'le]; g ; [fIM] (T -den)
= T ([eXal £ [b)Xd]) ; T, (d" Xel g [F X)) (T -den)
8,(fug)=la +a)(a +alfuglb +b)(b +b,] (8,-def
- [a,+a)((a]1f[b) ® (a]glb)Xb,+b)] (ORD2)
- [a,Xa, 1 F[b)b] © [a,)a,]9 b }b,] (NOM-2)
= 8,(N v, (9) (8,-de

r(0a;Xa,1 [b )b]9[a,Xa 1q b Xb)

=T (a;+a )(a]f[b) @ (a]lglb))b.+b]) (NOM-2)
=T (a;+a )(a +a ]fwg[b.+b))b.+b]) (ORD-2)
=la +a la;+a] ; (fug) ; [b+b |b +b ] (r,-def)
=(lazla;]wla la]) ; (feg) ; (belb]w[b |b])
=(lazla;] 5 f 5 [belb])w([agla] ; g ; [b,lb.]) (NMT-ch)
=T (a:Xa ]1f[bXb.]) v T ([a Xa 19 [b Xb_]) (r,-def)
A ([x1y]) = xXx1[x]y1lyXy] (A, -def)

= [X)((xIx) ; (yly) )Xyl (41-4)

= [x)id (y]

= [xly] (NOM-3)
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I (lalb]) = T (la)id{b]) (NOM-3)

= T ([a)blid[b)b]) (ORD-3)
= [a|b] ; id ; [b|b] (r -def)
= [a]b]

O

Since the last two propositions provide an isomorphic unit and counit of an adjunction, we

obtain

Theorem 7.39. The categories PROP and nPROP are equivalent.

Remark 7.40. If we generalise the notion of PROP from Maclane [47] to Lack [60], in
other words, if we drop the last equation of fig. 7.2 expressing the naturality of sym-
metries, we still obtain an adjunction, in which NOM is left-adjoint to ORD. Nominal
PROPs then are a full reflective subcategory of ordinary PROPs. In other words, the
(generalised) PROPs S that satisfy naturality of symmetries are exactly those for which

S = ORD(NOM(S)).

7.6 Equivalence of theories

We should be able to switch easily between a notion of ordered names on the one hand and
a notion of unordered abstract names on the other. This intuition is reinforced by putting
fig. 7.3 and fig. 7.4 next to each other. A careful investigation suggests that there is a general

procedure to automatically translate one into the other.

This section will give such translations and prove that these translations are inverse to each
other and preserve completeness. This yields a tool to derive completeness of an NMT from

the completeness of the corresponding SMT and vice versa.

We start with giving a more precise definition of the relation between an SMT/NMT and a

PROP/nPROP.

We previously defined a theory of (nominal) string diagrams as the pair {5, E), where ¥ is

the set of generators and E € Trm(Z) x Trm(Z) is the set of equations. The operation

the equations of E together with the equations of an SMT.
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Definition 7.41. The operation Prop : SMT — PROP is defined as

Prop (3, E) = Trm(Z)/Th(E U SMT)

s =t € Th(E)
s =s € Tk(E) t=s e Th(E)
s =t e Th(E) t=u € Th(E) s=s" e Th(E) t=t € Th(E)
s=u € Th(E) sSxt=5s"xt € Th(E)

Figure 7.9: Closure operator

This definition uses the closure operator T&, defined in fig. 7.9. Tk is the usual closure oper-

equations over nTrms we have = = { ; , v} along with an additional rule for permutations:

s =t e Th(E)

n-s=n-tejf@(£)

Finally, we prove the following property of the closure operator, which we will use in a later

lemma.

Lemma 7.43. Given a set of equations X € nTrm(A) x nTrm(A) (or X € Trm(A) x Trm(A)),

and a homomorphism f : nTrm(A) = nTrm(B) (or f : Trm(A) — Trm(B)), we have:

fITR(X)] € Te(fIX])

Proof. The statement above is equivalent to ¥(s, t) € T&(X). (f(s), f(t)) € TR(f[X]).

Then, by induction on the formation rules of the set T&(X), we have the following cases:

- If (s,t) € X, then (f(s), f(t)) € f[X], by definition and therefore, (f(s), f(t)) €
T (fIX]).
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- If (s, t) € TR(X), by reflexivity, symmetry or transitivity, then by IH (f(s), f(t)) €
T (fIX]).

- If (s, t) € TR(X), by congruence of ; or w or permutation, the result follows by

IH and the fact that f is a homomorphism, e.g:
For(swt,s" wt’) € Th(X), by IH, we have
(f(s), f(s") € TR(fIX]) and (f(2), f(t')) € TR(fIX])
then we also have
(f(s) @ f(1), f(s") v f(t)) € TR(fIX])

and since we know f is a homomorphism, we have f(s wt) = f(s) w f(t), thus

(f(s w ), f(s" wt)) € TR(fIX])

7.61 Embedding PROPSs into nPROPs

This section briefly returns to sec. 7.5, summarising equivalence of the categories PROP
and nPROP by embedding ordinary PROPs into nPROPs. Recall that this is achieved in the

following manner. Given an ordinary diagram f : n - m,

we create “boxed” nominal versions [a)f(b], where a = [a1,...,an] and b = [b1, ...,bm] are

lists of pairwise distinct names:

4 b1
NG

For “boxing” to preserve the relevant structure, we have to ensure, in particular, that the

symmetric monoidal tensor of a PROPs is mapped to the commutative tensor of nPROPs,

and that sequential composition and identities are preserved:
a1 G
of [ o e =

m

b1 C1

7 a9 e

e |
o |s




a; b, a b,

a | 7 |ilba a [ T [ilo

An+ bma Qn+ bm+

ak l 9 ]Ebt ak l g ];bt
a,| - |by - &éb_,,

Given an SMT (3, E), we can generate an nPROP, by taking all the SMT-terms over %, as
generators (taking Trm(Z) to nTrm(Trm(£))) and taking box(E) u NOM as equations, where:

* box(E) = {[a)f(b] = [a)g(b] | f = g € E}

- NOM are the equations from prop. 7.26

7.6.2 Translating SMTs into NMTs

Whilst the construction above gives us a way of embedding equivalence classes of ordinary
string diagrams into equivalence classes of nominal ones, it does not answer the question

of how to translate the axioms defining an SMT into the axioms of the corresponding NMT.

If we recall the definition of an NMT, we see that the signature of a nominal theory consists
of a set of ordinary generators 2 and set of equations over nTrm(z). Thus, given the ordinary
need to obtain an E* € nTrm(2) x nTrm(Z) such that any equivalence class induced by E’
and the equations of NOM (due to the ordinary diagrams being embedded in nominal ones)

are mirrored by E.

d

Intuitively, we translate equations of E, by first embedding them inside a “nominal box’
as a whole and then use the rules of NOM to recursively normalise all sub-diagrams into
nominal ones (see ex. 7.45). When we hit the base case, i.e. a “boxed” generator from %, we
simply replace it with a corresponding nominal generator:

a a

L}LZ}

We perform this normalisation via the function nfNmt : nTrm(Trm(z)) — nTrm(%). In the

definition below, we use the notation y to highlight the difference between an elementy of

% and the string diagram y € Trm(Z) as in the blue box above.
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nfNmt ([a)y(b]) = [a)y(b] where y € X

nfNmt ([a)id(b]) = 6,

nfNmt ([ab)o(cd]) = [ab|dc]

nfNmt ([a)f ; g(c]) = nfNmt ([a)f(b]) ; nfNmt ([b)g(c])

nfNmt ([a+b)f ® g(c+d]) = nfNmt ([a)f{c]) v nfNmt ([b)g(d])
nfNmt(id ) = id,

nfNmt(6_,) = 6,,
nfNmt(f ; g) = nfNmt (f) ; nfNmt (g)

nfNmt (f v g) = nfNmt (f) v nfNmt(g)

nfNmt (i - f) = m - nfNmt (f)
Definition 7.44. We define Nmt : SMT — NMT as
Nmt (2, E} = (2, nfNmt o box(E))
where we extend the function nfNmt on a set of equations in the obvious way:

nfNmt (E) = {nfNmt(f) = nfNmt(g) | f = g € E}

We now return to fig. 7.3 and fig. 74 and show in the following example, that by applying

Nmt to the equations in fig. 7.3 we obtain equations in fig. 7.4.

Example 7.45. In this example, we illustrate the translation of a rule of an SMT into the
corresponding rule of an NMT via nfNmt. The diagram below shows the application of

nfNmt to both sides of an equation in the SMT theory of surjections.

P> Do
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The next diagram illustrates the fact that the equation (SMT-nat) get subsumed by the
equations of NMT, namely by (NMT-comm).

b
- d }-d Ld a——e aE—e

7.6.3 Completeness of NMTs

We now show that the constructions from the previous two sections yield the same nPROP.

Starting from an SMT (%, E), we can either translate it into a PROP and then apply NOM, or

nPROP, as illustrated by ﬁg. 710.

smT Froe PROP

(Z,__E) —————Prop (3, £)

Nmt NOM

NOM( Prop (%, E))

L)

. nProp(Nmt (z, E))

NMT nProp nPROP

Figure 7.10: Completing the square

We set up some preliminaries. First, we define the map ( : nTrm(X) - nTrm(Trm(Z)), which
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is an injection map going in the opposite direction to nfNmt:

1([a)y(b]) = [a)y(b] where y & %
(id ) = id,

1(6,,) =6,
Wf 5 9)= 1(f); 1(g)
(fevg)=1(f)w i(g)

m-f)=m- 1(f)

The only interesting thing happens in the case for a nominal generator, which gets turned

into an ordinary string diagram, embedded in a nominal diagram.

Next, we show that the maps nfNmtand ( are inverses of each other (up to some equational

reasoning).

Lemma 7.46. We have nfNmt o 1 (f) = f for any f € nTrm(Z).

Proof. By induction on f.

Lemma 7.47. We have (onfNmt (f)'=" f forany f € nTrm(Trm(z)). Where "=" is equality
up to the equations NOM U NMT U box[SMT].

the identity, such as in the case of f = swt, st

NOM

tonfNmt(swt)= ((nfNmt(s)wnfNmt(t))'="(t o nfNmt(s)) w (1 o nfNmt(t)'='swt

Where the last equality follows by the IH.

Foralmostall f of the shape [a)s({b], the proposition follows directly from the equations

NOM, for example, if f = [a)s ; t{c] we have

tonfNmt([a)s ; t{c]) = (1 o nfNmt([a)s(b])) ; (1 o nfNmt([b)t(c]))

=" [a)s(b] ; [b)t(c] =" [a)s ; t{c]

In the case of f = [a)y{c], we have

o nfNmt ([a)y{c]) = ¢ ([a)y(c]) = [a)y{c]
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The only case which requires further analysis is f = [ab)a{cd], for which we have

t ([abldc])

t o nfNmt ([ab)o(cd])
= [abldc] =" [balcd] =" [ba)id(cd]
'2" [ablab] ; [baid(cd]
2" [ab){ab|ba) ; id(cd]
2" [ab)ab|ba)(cd]

= [ab)o(cd]

Lemma 7.48. The diagram in fig. 710 commutes

Proof. We want to show that the two maps nfNmt and t are isomorphisms. By defini-

tion, both nfNmt and 1 are homomorphisms between the term algebras and we have

NOM

shown in lem. 746 that nfNmt o ( (f) = f and 1 o nfNmt(f) = f follows from lem. 7.47.

To verify that these maps are well-defined, that is, maps between equivalence classes

of nTrms, we need to check that they preserve the equations:

- for the map t, we have to show
{[TR(nfNmt[box[E]] U NMT)] C TA (TR (box[E U SMT]) U NOM U NMT)

In fact, by lem. 7.43, it suffices to check that ([nfNmt[box[E]]] S Th(box[E] u
NMT) and ([NMT] € Th(box[E]u NMT). The first inequality follows immediately
from the fact that ([nfNmt[box[E]] = box[E]. The second inequality follows

straightforwardly.

- for the map nfNmt, we have to show the other direction

nfNmt[7TZ(T#(box[E u SMT]) U NOM U NMT)] € TZ(nfNmt[box[E]] U NMT)

By lem. 743, we have nfNmt[TE(X)] S TR(nfNmt[X]), in the following chain of
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inequalities:

nfNmt[T(T%(box[E u SMT]) U NOM U NMT)]
€ Th(nfNmt[T%(box[E U SMT]) U NOM U NMT])
= Te(nfNmt[TZ(box[E u SMT])) u nfNmMt[NOM u NMT])
€ Te(Th(nfNmt[box[E u SMT]]) u nfNmMt[NOM U NMT])
= Th(nfNmt[box[E u SMT]] u nfNmt[NOM U NMT])
= Th(nfNmt[box[E]] U nfNmt[box[SMT]] U nfNMLNOM] u NfNMt[NMT])

€ Th(nfNmt[box[E]] u NMT)

To justify the last inequality, we only need to prove:
- nfNmt[box[E]] € T&(nfNmt[box[E]] u NMT)

Follows immediately.

via nfNmt. We only show the most interesting equation (SMT-nat). For a

graphical intuition of this equality, see ex. 745. We write @™ for a list of
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a's of length m in the equational reasoning below:

nfNmt(la™ +a%) (t ® id,) ; o, , (b +b"])

= nfNmt(a” +a’)t ® id, (x"+x°]) ; nfNmt(x" #x) 0, , (b*+b"])

= (nfNmt([a™) t (x"]) v [a*|x°]) ; [x" +x°|b" +b’]

NMT

= (nfNmt([a™) t (x"]) ; [x"|b"]) v ([a"|x°] ; [x*|b”])

T *

= nfNmt([a"™) t(b"]) v [a’|b’]

= ([a"y™] ; nfNmt(ly™) t(b"])) v ([a’|y’] ; [y’ b))

NMT

=[a" «a’|y" +y’] ; (nfNmt(ly™) t (b"]) v [y*|b*])

NMT

=[a" wa’ly" +y’] ; (Iy’|b’]w nfNmt([y™) t (b"]))

= [a" +a’|y" +y’]; (nfNmt([y*) id_ (b’]) w nfNmt([y™) t (b"]))
=[a" +a’|y" +y’] ; nfNmt(ly*+y™)id, ® t(b*+b"])
=nfNmt(la” +a*) o, (y*#y™]) ; nfNmt([y*+y™)id, ® t (b*«b"])

- nfNmt([a" +a?) o, , ; (id, ® t) (b #b"])

To justify the two steps in the middle of the derivation (marked with *),

we need to show:

This follows straightforwardly by induction on t:

*x Ift = y wherey € 5, then we can apply (NMT-left) for all 6,,iS to get

the LHS equality and (NMT-right) for all 6y s to get the RHS.

ipi
x If t = id, then nfNmt([x) t (b]) = [x|b] and both equalities follow by
the second equation of fig. 7.8.

NMT

« Ift = p;q, by IH [alx] ; nfNmt([x) p(z]) = nfNmt([a) p (z]), thus we
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have:
[alx] ; nfNmt([x) p ; q (b))
= [a|x] ; nfNmt([x)p(z]) ; nfNmt([z)q(b])
“'nfNmt([a) p (z]) ; nfNm([z) q (b])
= nfNmt([a) t (b])
The RHS equality follows in a similar fashion.

* Ift=p @ g, wereason as inthecaseoft=p ; q.

The only two equations which require any serious verification are (NOM-4)
and (NOM-5). The proofs of both are essentially the same, so we will only

consider the first one here:

nfNmt([a)(b|b’) ; f(c]) = nfNmt([a)(b|b')x]) ; nfNmt([x)f(c])

=[alb] ; nfNmt([b")f(c])

For the justification of nfNmt([b)(b|b')(b'])'='id see the remark below.
- nfNmt[NMT] € T&(nfNmt[box[E]] u NMT)

Follows straightforwardly.

Remark 7.49. Whilst we have been using the (-|-) notation as syntactic sugar for ar-
bitrary bijections (in PROP) throughout the last two chapters, we have not provided a
rigorous definition beyond the informal description at the beginning of sec. 7.5. Below

we give an inductive definition for this notation and prove that
nfNmt([a)(a|a’)a])'='id,

First we review some preliminaries. We writeo, . : m @ n —» n & m for the diagram
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In the following definition we will write a! x for the indexing function, which, given a
list @ and an element x, returns the position (index) of the element in the list. Finally,
we denote the underlying set of @ by A and |a| stands for the length of a.
(-]-) : (a : Zlist)x(a" : 2 list) > |a| - |a’|
([la) = id,,,
(id. ® 0,.,;® id|a|—0+1)) ; (xsla) ifi<j
(x : xs|a) = {(xs|a) ifi=j
(ldj C) 0 C) ’dlal—(i+1>) ; (xs|la) otherwise
where i = |a| - |x : xs|
j=a'x

Now we show

nfNmt([a)(xs|a’)a'])='id,
provided that set(xs) € A, set(a) = set(a’) and |a| = |a’|.
Proof by induction on xs:
- If xs =[], then

nfNmt(la)([]la’Xa]) = nfNmt([a)id, . (a]) = id,

- If xs =y : ys, we have three cases:

120



- Ifi <j, then:

nfNmt([a)y : ys|a')a'])

= nfNmt(la)id; ® o, ,; @ id,,,_..,(X]) ; nfNmi(xXys|a)a'])

“nfNmt(a)id; ® o, ;

R LT C R I R R IR M

nfNmt((a, ; ,+a,, ;+a+a, , . Xys la)a'])

nfNmt(la; )o, . (a,, ;+a])u

1,j-i i1

nfNmt([a,,; (o109 0 1o Diar a1 D) 5

nfNmt(la, ;,+a,, ;+a;+a,, . XyslaXa'])

=(lay ;4 lay i 41vla; jla; Jela,, o418, ja]) s

nfNmt(la, , ,+a,, +a+a_ . NyslaXa'])

i

=nfN mta, ;#@,, #*0#a, 04 XYS la)a'])'=id,

Note that the last equality follows by IH, since we have set(ys) € A,

a a Q.+

set(a i G

#a.+0, ) = set(a) = set(a’) and |a

R Y+ P .
0...i-1 i+1..J j+1...]al-1 0...i-1

aj+1...|a|—’|| = la| = |a’|.

- Ifi = j then we immediately have

nfNmt([a)y : ys|a'Xa']) = nfNmt([a)(ys|a’)}a'])'="id,

- Ifi >j then the reasoning is symmetric to the casei < j,

In sec. 7.3, we introduced the NMT theories for the categories of bijections, injections, sur-
jections and functions on names (amongst others). In thm. 720, we stated that the theories

presented in fig. 7.4 are sound and complete. Below we restate this result, now with a proof.

Theorem 7.50. [Completeness of NMTs]

The calculi of fig. 7.4 are sound and complete, that is, the categories presented by these

calculi are isomorphic to the categories of finite sets of names with the respective maps.

Proof. We show the result for the category of finite functions nF. Similar arguments
apply to the other theories presented in fig. 7.4. First, by completeness of an SMT
(%, E) with regards to some category C, we mean that the PROP presented by (%, E) is
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isomorphicto C

Prop(3,E) = €
Likewise, we define the completeness for an NMT with regards to some category nC, as

nErgp(Z, E) = nC

In order to show completeness of the nominal theory of functions w.rt. nf, we start
with the SMT (2, E.) (see fig. 7.3).

From lem. 7.48 we know that
NOM(Prop (., E;)) = nProp(Nmt (z, E.))

From ex. 7.27 we know that

NOM(F) = nF

From completeness of (ZIF, E[F) for F we know
Prop (3, E;) = F
Putting these together, we obtain
nProp(Nmt (3, E)) = nF

thatis, Nmt(Z, E.) is complete for nF.

7.6.4 Embedding nominal PROPSs into PROPSs

In order to go back from nominal to ordinary string diagrams, we can build a similar con-
struction to the one in sec. 7.6, by taking an NMT (g, E) to (Trm(dia(nTrm(z))), dia(E) u ORD),

where:

- dia(t : A —» B) = (a] t[b) where set(a) = A and set(b) = B, which is extended to a set
of equations in the obvious way dia(E) = {{(a] s [b) = (a]t[b) | s = t € E}
- ORD are the equations from prop. 7.29

We draw (a] f [b) as

a; b,
an;l f ]Ebm
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7.6.5 Translating NMTs into SMTs

This section follows the same lines as sec. 7.6.2, but now translating nominal monoidal
theories into symmetric monoidal theories. Indeed, we can convert an NMT into an SMT by
first embedding nominal equations into ordinary string diagrams and then normalising the

diagrams via a function nfSmt, which we are going to define now.

Compared to normalising ordinary string diagrams embedded in the nominal setting, nor-
malising embedded nominal string diagrams into ordinary string diagrams is slightly more
tricky. This is due to the fact that in nominal sequential composition, we are allowed to
compose two diagrams which share the same set of output and input labels, disregarding
the order of the named ports. For example, in the picture below, we see a wire crossing
inside the purple box, introduced by the fact that the ports of the box interface and the

ports of the generator inside the box have to be lined up.
a b

WX

However, no such crossing is (directly) visible in the linear syntax (a, b][b, a)u{c][c). Thus,

when translating such a diagram back into an ordinary string diagram, we might need to

insert some symmetries, i.e. the diagram {a, b][b, a)u(c][c) should normalise to o ; p:

WXOT » X

nfsmt ((alid_[a)) = id

nfsmt ((al5 b)) = id

nfSmt(y) =y wherey € %
nfSmt (id) = id
nfSmt (o) = 0

nfSmt(f ; g) = nfSmt(f) ; nfSmt(g)

nfSmt (f @ g) = nfSmt(f) & nfSmt(g)
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Definition 7.51. We define Smt : NMT — SMT as

7.6.6 Completeness of SMTs

We now show that the constructions from the previous two sections yield the same PROP,

ORD, or we can first translate the NMT theory into an SMT theory via nmet and then turn it
into a PROP.

NMT nProp PROP

(&, By ——————nProp (5, £}

Smt ORD

ORD(nProp (3, E))

L)

—-_ Prop(Smt (2, E))

smT Rroe PROP

Figure 7.11: Completing the square

We set up some preliminaries. First, we define the map t : Trm(Z) - Trm(dia(nTrm(%))),
which is an injection map going in the opposite direction to nfSmt:

1(y) = (a]la)y(b][b) wherey € 3

(id) = id

(o)=0

(fi9)=1f); ug)

Hf®g)=1(f) ® 1(g)
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Next, we show that the maps nfSmt and 1 are inverses of each other.

Lemma 7.52. We have nfSmt o 1 (f)’2 f for any f € Trm(g).

Proof. By induction on f. The only case of interestis f = y wherey € X

nfSmt o 1 (y) = nfSmt ((alla)y(b][b)) = (ala) ; v ; (blb)='y

ORD

Lemma 7.53. We have 1 o nfSmt(f) = f for any f € Trm(dia(nTrm(g))). Where =" is

equality up to the equations ORD U SMT u dia[NMT].
Proof. By induction on f:

- If f = (alla’)y(b'][b), then

o nfSmt ((a]la’)y(b'][b))

1 ((ala’) ;v ; (b'|b))

= (ala’) ; x][x)y(ylly) ; (b'|b)
= (alla’|x] ; [X)y{y] ; [y|b'I[b)

= (alla’)y(b'][b)
In the equational reasoning above, we use (ORD-4) and (ORD-5) in the third

equality and then use the “lifted” rules (NMT-left) and (NMT-right) repeatedly to
obtain the last equality.

- If f =(alid [a), then

o nfsmt((alid [a) = 1 (id) = id = (alid,[a)

- If f =(al8 , [b), then
o nfsmt((alé,,[b) = (id) = id
= (alid [a)
=’ (allalb] ; [bla][a)

= (allalb][b) ; (ala) = (als_,[b)
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- If f = (alf ; glc), then
o nfsmt((alf ; gle) = (nfSmt((alf[b)) ; nfsmt((blglc))
= ((nfSmt((a]f[b})) ; ¢ (nfSmt((blg[c)))
=’ (alf[b) ; (blglc)

2 (alf ; glc)

- If f = (alf v g[b), then
1 o nfSmt ({(a]f v g[b))

=(ala, +a)) ;  (nfsmt((a,]f[b,)) ® nfSmt((a,lg[b,))) ; (b, +b,|b)
=(ala, +a,) ; (1 (nfSmt((a, If[b,))) ® ( (nfSmt((a,lg[b,))) ; (b, +b, |b)
= (ala,+a,) ; (a,]f[b,) @ (a,]g[b,)) ; (b, +b, |b)

= {ala,+a,); (a,+a,]f vglb,+b,) ; (b, +b,|b)

= (alla, #a,la,+a,] ; (f ¥ g) ; [b#b,|b, +b,]ib) =’ (alf v g[b)

- If f = (alm - f[b), then
Confsmt(aln - f[b) = « (nfsmt(n™" - alffn™ - b))
= (" - alf[n” - b)
Cm-n'alm-flm-m-1-b)

=’ (am - f[b)

All the other cases of f follow straightforwardly (for the other cases, see the definition

O

Lemma 7.54. The diagram in fig. 7.11 commutes
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Proof. We want to show that the two maps nfSmt and 1 are isomorphisms. By defini-

tion, both nfSmt and 1 are homomorphisms between the term algebras and we have

shown in lem. 7.52 that nfSmt o « (f)= f and t o nfSmt(f) = f follows from lem. 7.53.

To verify that these maps are well-defined, that is, maps between equivalence classes

of Trms, we need to check that they preserve the equations:

- for the map t, we have to show

ORD

immediately from the fact that ([nfSmt[dia[E]] = dia[E]. The second inequality

follows immediately.

- for the map nfSmt, we have to show the other direction

nfSmt[ T (T (dia[E u NMT]) u ORD U SMT)] c T&(nfSmt[dia[£]] U SMT)

We have :

nfSmt[TA(Th(dia[E u NMT]) U ORD U SMT)]
¢ T(nfNmt[T%(dia[E U NMT]) U ORD U SMT])
= Th(nfNmt[TE(dia[E u NMT])) U nfNm[ORD U SMT])

C TR(TR(nfSmt[dia[E u NMT]]) U nfSMt[ORD U SMT])

€ Th(nfSmt[dia[E]] u SMT)

To justify the last inequality, we only need to prove:

It is easy enough to see for most equations of nfSmt[dia[NMT]] are in
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TR(SMT). For the interesting case of (NMT-comm) being preserved by
nfSmt o dia, see the proof in prop. 7.29.

= nfSmt[ORD] < TE(nfSmt[dia[E]] U SMT)

The only two equations which require any serious verification are (ORD-%)
and (ORD-5). The proofs of both are essentially the same, so we will only

consider the first one here:
nfSmt((a]la’|b]; f[c)) = nfSmt((a][a’|b][b")) ; nfSmt((b"]f[c))
= nfsmt((alla’|b][b)) ; nfSmt((b]f[c))
=(ala’) ; nfsmt((b]f[c))
= nfSmt((ala’})) ; nfSmt((b]f[c))

= nfSmt((ala’) ; (blf[c))

For these equalities to hold, we need to show
nfSmt((a]t[b’)) ; (b’|b) = nfSmt((a]t[b))

which follows by induction on t:

x If t = [a')y(b"] then we have

nfsmt((alla’)y(b"][b")) ; (b'|b) = (ala’) ; y ; (b"|b’) ; (b'|b)
=(ala’) ;v ; (b"Ib)

= nfsmt((a]la’)y(b"][b))
* Ift=idort= 6ab then we have
nfsmt((al6 ,[b)) ; (blb)*= nfSmt((al6, [b))

immediately.

%= Ift=f; gthen we have

nfsmt((alf ; g[b’)) ; (b'|b) = nfSmt((alf[c)) ; nfSmt((clg[b")) ; (b'|b)
= nfsmt((alf[c)) ; nfsmt((clg[b))

= nfSmt((alf ; g[b))
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* Ift = f w g then we have
nfsmt((alf v g[b")) ; (b |b)
= (ala, #a,) ; (nfsmt ((a,1f[b,)) ® nfsmt (a,]g[b,))) ; (b, +b,|b) ; (b'|b)
=(ala, +a,) ; (nfSmt (a,]f[b,)) ® nfSmt ((a,]g[b,))) ; (b, +b, |b)
= nfsm((alf v g[b))
* Ift =m-f then we have
nfsmt((alm - f[b')) ; (b'|b) = nfsmi(n™" - alf[m™" - b)) ; (b'|b)
nfsmt(n - alfln” - b)) ; (n - b'|n - b)
=nfsmt((n”" - alf[n”" - b))
= nfsmt((a]n - f[b))
We also need to show
nfSmt((ala’|b][b)) = (ala’)

which follows by induction on a’:

% |fa' =[a] the equality is trivially true

x Ifa"=a:aswehaveb =Db : bs

nfSmt((a][a : as|b][b))

nfSmt((alé,,, v [as|bs][b))

(ala : as’) ; (nfSmt((al6 ,[b)) ® nfSmt((as’][as|bs][bs))) ; (b : bs|b)
=(ala : as’) ; (id ® nfsmt((as'][as|bs][bs)))

ala : as') ; (id ® (as’|as))
Z(ala : as’) ; (a : as’|a : as)

SMT

={(ala : as)

- nfSmt[SMT] C T&(nfSmt[dia[E]] U SMT) Follows immediately.

To conclude this section, we give an analogous result to thm. 7.50 below.

Theorem 7.55. [Completeness of SMTs]
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smt (s, E,) is complete for C.

Proof. From lem. 7.54 we know that
ORD(nProp (2, E)) = Prop(Smt (3, E})
From completeness of (2, E) for nC we know
nProp (3, £) = nC
Putting these together, we obtain

Prop(Smt (3, E)) = €

O

The theorem above can be useful when trying to prove soundness and completeness of an
ordinary SMT, where the presented NMT is easier to prove sound and complete, like in the

case of bijections, discussed previously at the end of sec. 7.3.

7.7 Related work

Whilst our work is novel in its presentation of nominal string diagrams as monoidal cate-
gories internal in Nom, we are by no means the first to generalise PROPs to a multi-sorted
or nominal settings. Indeed, even (one of) the earliest papers on string diagrams, namely
that of Roger Penrose [11], already introduces “nominal” string diagrams where the wires
of his pictures are given labels. Amongst later works, the most commonly seen variation
to ordinary string diagrams is the notion of colored props [53, 61]. Whilst similar in some
aspects to nominal string diagrams, colored string diagrams are somewhat orthogonal to
named string diagrams, in that coloured string diagrams usually still have ordered sets of

wires, but a nominal variant could be considered with a set of named wires.

Finally, we must mention the work of Blute et al. [62], which is similar in many aspects
to our work, especially in the use of the diamond notation (-] - [-), which we arrived at
independently from the authors, before learning of their work. Another paper in similar
spitrit, by Ghica and Lopez [63], introduces a version of nominal string diagrams by explicitly

introducing names and binders for ordinary string diagrams.
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7.8 Conclusion

The equivalence of nominal and ordinary PROPs (thm. 7.39) has a satisfactory graphical
interpretation. Indeed, comparing figs. 7.3, 7.4, truncated and shown side by side below, we
see that both share, modulo different labellings of wires mediated by the functors ORD and
NOM, the same core of generators and equations. The difference lies only in the equations
expressing, on the one hand, that ® has natural symmetries and, on the other hand, that
generators are a nominal set. In fact, this can be taken as a justification of the importance

of naturality, which, informally speaking, compensates for the irrelevant detail induced by

ordering names.

There are several directions for future research. First, the notion of an internal monoidal
category has been developed because it is easier to prove the basic results in general rather
than only in the special case of nominal sets. Nevertheless, it would be interesting to

explore whether there are other interesting instances of internal monoidal categories.

Second, internal monoidal categories are a principled way to build monoidal categories
with a partial tensor. For example, by working internally in the category of nominal sets
with the separated product we can capture in a natural way constraints such as the tensor
f ® g for two partial maps f,g : W — V being defined only if the domains of f and
g are disjoint. This reminds us of the work initiated by O'Hearn and Pym on categorical
and algebraic models for separation logic and other resource logics, see e.g. [64-66]. It
seems promising to investigate how to build categorical models for resource logics based
on internal monoidal theories. In one direction, one could extend the work of Curien and

Mimram [50] to partial monoidal categories.
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Third, there has been substantial progress in exploiting Lack's work on composing PROPs
[60] in order to develop novel string diagrammatic calculi for a wide range of applications,

see e.g. [51, 67]. It will be interesting to explore how much of this technology can be trans-

Fourth, various applications of nominal string diagrams could be of interest. The original
motivation for our work was to obtain a convenient calculus for simultaneous substitutions
that can be integrated with multi-type display calculi [31] and, in particular, with the multi-
type display calculus for first-order logic of Tzimoulis [68]. Another direction for applications
comes from the work of Ghica and Lopez [63] on a nominal syntax for string diagrams. In

particular, it would be of interest to add various binding operations to nominal PROPs.
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La bonne cuisine est la base du véritable bonheur.

Auguste Escoffier

Conclusion

& s was already mentioned in the introduction, this thesis is split into two sec-

tions, corresponding roughly to the two main topics tackled throughout this

PhD. In this concluding chapter, we give a chronological overview of how this

work developed.

The work on display logics, specifically the calculus toolbox, started in my undergraduate
studies as the final year project. When | started my PhD, the original topic was “Efficient
methods of proof search for display calculi”, where the aim was to explore known efficient
proof search tactics for certain logics, such as semantic tableaux or proof search tactics like
focusing, and extrapolating these tactics for display calculi. During this initial exploration,
it became apparent that the initial version of the calculus toolbox was too fragile for useful
exploration of various different display logics. The original toolbox was also insufficient to
formalise multi-type display calculi, like the D.EAK [7]. Thus the calculus toolbox 2, described

in ch. 3, was born.

Working with our collaborators on a display version of first order logic, our focus shifted
to string diagrams, explored in the second part of this thesis, for two main reasons. The
first was the excellent introductory course on string diagrams, given by Pawet Sobocinski.
Inspired by his course and stemmed from a need for a calculus of simultaneous substitu-
tions for our work on a display version of FOL, we started exploring the topic of nominal

string diagrams.

Our initial approach to a categorical underpinning for string diagrams featuring labeled
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wires has been presented in ch. 6. The aim of this work was to give a rigorous account of
the partiality of the parallel tensor v, inherent in the restriction of only stacking diagrams
with disjoint wires/ports. This led us to the notion of partial monoids, which we turned into
a categorical notion of partial monoidal categories. The rest of ch. 6 tests these ideas on
concrete examples, by adapting ordinary string diagrams to the nominal setting following
Lafont [49].

It may seem that ch. 7 supersedes ch. 6, but this is not entirely the case. Whilst ch. 7 does in-
deed present a refined notion of nominal string diagrams by introducing nominal monoidal
categories, partially monoidal categories are in some sense more general than nominal
monoidal categories and would make for an interesting topic of further study outside of
the scope of nominal string diagrams.

In ch. 7, we simplified the formalism of nominal string diagrams by turning the tensor v back
into a total operation, now within the setting of nominal sets. Using internal monoidal cat-
egories also helped us simplify the underlying categories of nominal string diagrams; see
rem. 7.25 vs def. 6.8 for comparison. This chapter also improves upon the earlier techniques
of showing completeness for NMTs, by giving a recipe for translating an ordinary SMT along
with it's completeness with respect to some category C, to an NMT which is complete with
respect to some nominal version of C. Whilst we have only shown this construction for basic
theories, there are many SMTs, which could potentially benefit from this “nominalisation”,

for example, this recent work by Jacobs and Zanasi [69]; see also [70, 71].

In the last year of the PhD, paralleling the work on nominal string diagrams, we developed
yet another new version of the calculus toolbox. Just as the work on nominal string diagrams
stemmed out of a need for a calculus of substitutions for the display version of FOL, calculus
toolbox 3 was designed to address the difficulties associated with formalising this calculus
in a computer. Unlike the previous version of multi-type display calculi, DFOL presented
unique challenges, which the previous version of the calculus toolbox couldn’t effectively

deal with.

This thesis represents the last three and a half years of my PhD and looking back, | have
fond memories of this time. Having obtained some answers, there are yet more interesting

questions which could fill several more PhD'’s.
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Sequent calculus in t3

This is a sample t3 file defining a small subset of the propositional fragment of the sequent
calculus. This file can be found at: https://github.com/goodlyrottenapple/toolbox3/blob/
master/src/test_progs/Sequent.t3.

infix 2 + , , =,
infixr 3 > , ;
infixl 4 A, Vv

language LaTeX

smt-data F : Type where

At : (atom : Name) — F

(n) @ (andL : F) = (andR : F) —
(v) : (orL : F) = (orR : F) —
(») : (impL : F) — (impR : F) —
- : (neg : F) = F

M T T

|
I
I
I
end

translation F to LaTeX where

At a — "#{al"
| anb — "t#Ha} \wedge #b}"
| avb — "tHa}l \vee #H{b}"
| a>b — "#Ha} \to #Hb}"
| ~a —> "\neg #Hal}"
end

smt-data List : Type — Type where
@ : {a : Type} — List a
| (;) : {a : Type} - (hd : a) —» (tl : List a) — List a
end

translation List to LaTeX where
@ % nn

| x ; xs = "\cons{#{x}}{#Hxs}t}"

end
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smt-builtin (=) [ '= 1 : {a : Type} - a - a — Prop end
smt-builtin (::) [ as 1 : {a : Type} - a — Type — a end

smt-def (++) : (x : List F) —» (y : List F) — List F where
(ite ( x = (@ (List F)) )

y
) ( (hd x) ; ((tl x) y) )

end

data (+) : List F = List F — Type where
Id : {a : Name} — (At a) ; @ - (At a) ; @
| AndL1 : {r : List F} —» {A : List F} —- {A : F} - {B : F} —
A, T+ A—>

(AAB) ;T A
| AndL2 : {r : List F} = {A : List F} - {A : F} —» {B : F} —
B, I+ A

(AAB) ;T A
| orR1 : {r : List F} — {A : List F} - {A : F} - {B : F} —
reA; A -

r~ (AvB) ;A
| orR2 : {r : List F} —» {A : List F} » {A : F} - {B : F} —
r-B; A -

r+ (AvB); A
| orL : {r, : List F} — {r, : List F} —
{A, : List F} — {A, : List F} —
{r : List F} = [r = (I, r.)l -»
{pn : List F} = [a = (4, AT =
{A : F} - {B: F} =
(A;Tr,) A, > (B;T,) A, >

(AvB) ;T A
| crR : {r : List F} —» {A : List F} —» {A : F} -
r-A; A; A=

r+ A A
end

translation (+) to LaTeX where
Id TX F Yy S
"\AXC{}\RightLabel{$Id$}\n\UIC{$#{x} \vdash #Hy}$}"
[ AndL1 p : X F vy =
"tHp}\RightLabel{$\wedge_{L1}$}\n\UIC{$#{x} \vdash #Hy}$}"
[ AndL2 p @ x vy =
"#H{pt\RightLabel{$\wedge_{L2}$}\n\UIC{$#x} \vdash #{y}$}"
[ OrR1 p : x F vy —
"#{p\RightLabel{$\vee _{R1}$I\n\UIC{$#{x} \vdash #Hy}$}"
[ OrR2 p : x F y —
"#H{pt\RightLabel{$\vee_{R2}$I\n\UIC{$#x} \vdash #y}$}"
[ OrLpg :x vy —
"#Hpi\n\n#H g} \RightLabel{$\vee_ L$}\n\BIC{$#H x} \vdash #Hy}$}"
| CR p PX Ry o
"#{p}\RightLabel{$C_R$}I\n\UIC{$#{x} \vdash #{y}$}"

end
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def pt : At 'a v At 'b ; @ + At 'a v At 'b ; @ where
CR (OrL
{o} {2}
{At 'a v At 'b ; @} {At 'a v At 'b ; @}
(OorrR1 1d) (OrrR2 Id))
end

translate pt to LaTeX end
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Internal categories

For further details on this topic, see e.g. Borceux, Handbook of Categorical Algebra | (Chapter
8) or the nLab entry on internal categories.

Definition B.1. [Internal category]

In a category with finite limits an internal category is a diagram

right ——

m dom
compr ——»
A, P A comp A i A (B1)
compl —> 2 1 0
m cod

left —>

such that the following equations hold

m
A2 —»A1

1) the diagram rﬁl ldom is a pullback,

A LA
2) dom o comp = dom o m, and cod o comp = cod o,
3) domoi=idA0=codoi
4) comp o {i o dom, idA1) = idA1 = comp o (idA1,i o cod)
5) comp o compl = comp o compr

and where
- {io dom,idA )t A, - A, and (idA ,i ocod) : A, — A, are the arrows into
1 1
the pullback A, pairing i o dom, idA t A, = A and idA ,iocod : A, - A,
1 1
respectively.
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- the “triple of arrows”-object A, is the pullback

right
A, ——A,
left lm
e}
A2 — A1

where, intuitively, left “projects out the left two arrows” and right “projects out
the right two arrows”

- compl is the arrow composing the “left two arrows”

m, o right

comp o left

Remark B.2. Equations 1) and 2) define A, as the ‘object of composable pairs of ar-
rows’ while 3) and 4) express that the ‘object of arrows’ A, has identities and 5) for-
malises associativity of composition. Since A, and A, are pullbacks, the structure is
defined completely already by (A, A,, dom, cod, i, comp), but including A, as well as
compr, compl, right, left, m,, 1, helps writing out the equations.

Definition B.3. A morphism f : A - B between internal categories, an internal functor,
isapair (fo, f1) of arrows such that the six squares (one for each of m,, comp, ., dom,

cod, i)
THy— dom —
A2 comp —— A1 — AO
T — cod ——>
fa fi fo (B.2)
Hy— dom ——>
32 comp —» B1 — BO
T— cod —>
commute.
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Remark B.4.

* Because B, is a pullback f, is uniquely determined by f.. In more detail, if
I — B, isany arrow then, because B, is a pullback, it can be written as a pair

(Lry: T - B, (B.3)
ofarrows [,r : I - B, and f, is determined by f, via

fyollry=(f, oL f on (B4)

- Evenif f, isnot needed as part of the structure in the above definition, including
f, makes it easier to state that f, preserves composition.

- Similarly, B, is a pullback, and there is a unique arrow f3 such that
(fo,f1,f2,f3) together make further 4 squares commute, one for each of
right, compr, compl, left, see (B1). We may include f3 in the structure whenever
convenient.

Definition B.5. A natural transformation a : f — g between internal functors f,g :
A - B, an internal natural transformation, is an arrow a : A; — B, such that, recalling
(B.3),

domoa = f, codoa =g, comp o (f,, a o cod) = comp o {(a o dom, g,)

Remark B.6. Internal categories with functors and natural transformations form a 2-
category. We denote by Cat(t?) the category or 2-category of categories internal in
U The forgetful functor Cat(t") — C mapping an internal category A to its object
of objects A, has both left and right adjoints and, therefore, preserves limits and
colimits. Moreover, a limit of internal categories is computed component-wise as
(lim D)}. = lim(Dj) forj=0,1,2.

Remark B.7. A monoidal category can be thought of both as a monoid in the category
of categories and as a category internal in the category of monoids. To understand
this in more detail, note that both cases give rise to the diagram

domxdom
compxcom,
A2><A2 p p—— A1><A1 onA0
codxcod
m2 m1 m0
dom
com
A, p A, A,
cod
where

- inthe case of a monoid Ain the category of internal categories, m = (mo, m,,m,)
is an internal functor Ax A —» A and, using that products of internal categories

145



are computed component-wise, we have compom, = m, o(compxcomp), which
gives us the interchange law

(f;9)-(f59)=(f-f)i(g-9g")

by using (B.4) with m for f and writing ; for comp and - for m_;
+ in the case of a category internal in monoids we have monoids A, A,,A, and
monoid homomorphisms i, dom, cod, comp which, if spelled out, leads to the

same commuting diagrams as the previous item.
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